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‘ Question 1 ‘

Evaluate the following:

2 3
a. / / (22 — y)dydx
1 J2
5 2
b. / / (z — by)dxdy
1 J
3 15
c. / / (2z — 3y)dxdy
1 J2

Solution
) /12 /23(296 — y)dydr = /12 {(%y - (y;)]zdl‘
_ /12 K(m)(g) - 322) - ((2:@(2) - 222)] dz
_ /2[(633 —45) — (dz — 2)]dz = /2 2 — 2.5dx
= [¢? —252]] = [(4 - 5) - (1 - 2.5)]
=4-5—-1+25=0.5
b.

/15 /21(33 — 5y)dady = /15 [x; - (5y)x} 21 dy
5

5
:/ [(2—10y)—(0.5+5y)]dy:/ 1.5 — 15ydy

152
2

= {1-511 - ]5 = [(7.5 — 187.5) — (1.5 — 7.5)] = —174

29 62 - (o1 - 202)]
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‘ Question 2 ‘

Solution

a.

Evaluate each of the following integrals over the given region D :

WA

b. // (4my — y3) dA  where D is the region given by y = x%% and y = x3
D

1
2y2> dA  where D is the region given by 0 <x < 1,0<y <1

Ax 1

]\ )
f f Sy dA = f j SO ¥y dy dx)
R oJo ——

N . . . 2
The volume of the solid region is 3.

e Because the region R is a square, it is both vertically and horizontally simple, and you can use either
order of integration.

e Choose dy dx by placing a vertical representative rectangle in the region, as shown in the figure at

the right.

// 1—1;(;2 2 dA—/l/l 1—1302—12 dydzx
. 5 y =/ 5 S ) dy
1

// (4xy—y3)dA 0§x§1andm3§y§x0'5
D

/ / 4my ygdydx

[4ay? y4 } i

4

_ 7 3 18 1 13 '
_{12 17 TR,

L) ()]
J

7
—z? - 22" + 49012} dx

1%
_ /01 ( . <x°j>4> ) <4x <§3)2 (=)'



‘ Question 3 ‘

Evaluate the following integral:

// 42y* —122dA  where D = {(z,y) |0 <2 < 4,(z —2)* <y <6}
D

Solution

4 6
/ / 42y — 122dA = / / 42y? — 12zdydx
D 0 J(z—2)2

4
= /0 [14y3 — 12xy] ?x72)2 dz

4
= / 3024 — 72 — 14(z — 2)5 + 122(z — 2)%dx
0
4
= / 3024 — 24x — 4827 4 122% — 14(z — 2)%dx
0

= [3024z — 124% — 162% + 32 — 2(x — 2)7]
— 11136

‘ Question 4 ‘

Evaluate the following integral over the indicated rectangle (a) by integrating with respect to x first and
(b) with respect to y first.

//Rua: —18ydA R =[-1,4] x [2,3]

Solution
(a)
3 4
// 122 — 18ydA = / / 12z — 18ydxdy
R 2 —1
3 4 3
= / [62° — 18zy]_, dy = / 90 — 90ydy
2 2
— [90y — 454%]; = ~135
(b)

4 ;3
// 12z — 18ydA = / / 12z — 18ydydx
R -1J2

4 4
= / [123:3/ — 9y2]2 dr = / 122 — 4bdx

—1 —1
— [622 — 452]" = 135



‘ Question 5 ‘

Compute the following double integral over the indicated rectangle
a. // 6yv/T —2y3dA R =11,4] x [0, 3]
R

b. //Ryeyz—‘*m R=10,2] x [0,V3]

Solution
a.
3 4 )
// Gy\/E—2y3dA:/ / 6yx? — 2y3dedy
R 0o J1
3 . 4 3
:/ (4yx5—2xy3) dy:/ 28y — 6y3dy
0 1 0
3 A\ 9
= (14?2 - Syt )| =2
(7 =3)], -3
271 2 V8 21
— / <€y 4$> dr :/ - (687493 o 674w) dx
0o \2 0 0o 2
2
_ (1 Lgar , 1 —us
-G ),
1
=§(e8+e—8 2) = 372.3698
b.

2 2 \/g 2
/ ye¥ ~4dA = / / yed 4 dydx u=1y%— 4z — du = 2ydyy
R 0o Jo

‘ Question 6 ‘

Evaluate:

1 2 gl
a./ / /nyzdydxdz
-3J-1Jo
4 =1 2
b. / / / rydrdydz
o J-2 J1

Solution

a.

1 2 1
/ / / 6zyzdydxdz =
-3J-1Jo -3J-1

|
w

|
—

I
‘ =

w
——



‘ Question 7 ‘

Evaluate:

Solution

a.

g
B
x
b. /// 422y — 22 dzdydx —-1<
B

// /xydmdydz_// [x} dydz_// sy
-5

= [-2.252]8 = —9

2
] dz = —2.25dz
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/ / /B zyz2dV =

[ [ v dei

L] e [
/[1 o= [ e
-[3,-7

/// 4%y — Bdzdydr =
B

3 4

1

/ 1
3/4 [4m2yz— ~z ] dydz
/

3
35
] d:c:/ Z —302%dx
1 9 4

[iv-
3

z— 10x3] _ 755
, 1

1
[417292 - 34] dydx

,p._‘

1
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1 4
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‘ Question 8 ‘

Integrate the function (x,y,z) = xy over the volume enclose by the planes z =  + y and z = 0, and
between the surfaces y = 22 and z = y2.

Solution
Since z is expressed as a function of (z,y), the integration is done in the z direction first. Considering the
xy-plane, the two curves meet at (0,0) and (1,1). The integral is:

1 VT T+y 1 VT Tty
/ / / f(a?,y,z)dzdydx:/ / / zydzdydz
0 Ja2 0 0 Ja2 0
1 vz
:/ / zyl2) =Y dydx
0 Ja2
1 E 1 T
:/ / xy(x+y)dydx/ / 22y + yiadydx
0 Ja2 0 Jzx2
1

22y P y=Vz
- [ [+ 5]

dx

_|_ e
2 EI -

1 (:52\/52 —z? (x2)2> dx

S— S—

N~

N =

Question 9 ‘

Find the mass for the following square lamina, represented by the unit square (shown below) with variable
density p(z,y) = (z +y + 2)g/cm?.

0.5

z

0.5 1

Figure 1. A region R representing a lamina

Solution

M://R(x+y+2)dA=/01/01(x+y+2)dxdy
:/01 [;m2+m(y+2)Idy

1
5
= — d
J e

=2}



Question 10 ‘

Find the mass and center of mass for the following solid region ) bounded by z + 2y + 3z = 6 and the
coordinate planes (as shown below) and has density p(z,y, z) = 2%yz.

z

{0,0,2)

—~
o
o
(=]
~=
4

X+2y+32=6

Figure 2: Finding the mass of a three-dimensional solid Q.

Solution

The region @ is a tetrahedron meeting the axes at the points (6,0, 0), (0,3,0) and (0,0,2). To find the limits of

integration, let z = 0 in the slated plane z = %(6 —x —2y).

Then for = and y, find the projection of @ onto the xy-plane, which is bounded by the axes and the line
x + 2y = 6. Therefore, the mass (m) is:

z=6  y=3(6—z_ z=%(6—z—2y)
m = /// plz,y,z)dV = / / / 2?yzdzdydx
Q =0 y=0 z2=0

_ 108
T35

To find the center of mass of Q, we need to find the moments about the xy-plane, the xz-plane and the yz-plane:

z=6 (y=3(6—x) prz=%1(6—z—2y)
Mxy:/// zp(x,y,2)dV :/ / / 22y dzdydx
Q z=0 y=0 z=0
54

"3
z=6 (ry=3(6—x) prz=%1(6—z—2y)
MM:/// yp(z,y,z)dV :/ / / 22y? zdzdydx
Q =0 y=0 z=0
81
35
=6 y:%(Gfa:) z:%(67172y) )
Myzz/// zp(x,y,z)dV :/ / / 23yzdzdydz
Q =0 y=0 z=0
_ 23
35
Hence the center of mass is:
M z M(EZ - M$
_{E = Y g = z = Yy
m m m
j_MyZ_243/35_2473 _ M., 81/35 _ 81 M., 54/35 _iél
~m  108/35 108 7 m  108/35 108 7  m  108/35 108
=225 =0.75 =0.5

The center of mass:  (2.25,0.75,0.5)
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