14
Tutorial 14: Stokes’ Theorem

Prepared by: Hong Vin | Website: https://kix1001.hongvin.xyz

Question 1 ‘

Suppose F = (—y, x, z) and S is the part of the sphere #2+y2+2% = 25 below the plane z = 4, oriented with
the outward-pointing normal (so that the normal at (5,0,0) is i ). Compute the flux integral [[g curl F.dS
using Stokes’ theorem.

Solution
Again we integrate the line integral over the boundary curve C rather than the flux integral over the (more
complicated) surface S.

The boundary curve is the circle 22 4 y? 4+ 42 = 25 (or 22 + y? = 9) in the plane 2z = 4, but a note of caution is
in order.

The natural parameterization (or the one we usually think of) is r(¢) = (3 cos(t), 3sin(t), 4) actually parameter-
izes —C' (that is, C with the opposite orientation)!

Why is that? Imagine a person walking this boundary with their head in the normal (outward) direction. The
remaining part of the sphere is on their right if they’re walking counter-clockwise. It should be on their left, so

they should be walking clockwise.

We'll calculate ¢ ¢ F - dr anyway, since we like the parameterisation. In terms of this parametrisation,

(r(t)) = (—3sin(¢), 3 cos(t), 4)
dr(t) = (—3sin(t), 3 cos(t), 0)dt
F(r(t)) - dr(t) = 9dt

Thus,

2
/ F-dr:/ 9dt = 187
-C 0

andso,/F~dr:—/ F.dr =—18m7.
c -c
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Question 2

Use Stokes’ theorem to evaluate ffs cur | F.dS where F' = 2%i — 3xyj + 3’k and S is the part of
2z =15— 22 —y? above the z = 1. Assume that S is oriented upwards.

Solution

In this case the boundary curve C' will be where the surface intersects the plane z = 1 and so will be the curve

l=5—-2>—y°
2?+y?P=4 atz=1

So, the boundary curve will be the circle of radius 2 that is in the plane z = 1. The parameterization of this
curve is,

7 (t) = 2costi+ 2sintj—|— E, 0<t<2or

The first two components give the circle and the third component makes sure that it is in the plane z = 1.

Using Stokes” Theorem we can write the surface integral as the following line integral.
— - — 2m —
//curlF . dS:/F . dF:/ FR@) . 7 () dt
0
s e

So, it looks like we need a couple of quantities before we do this integral. Let’s first get the vector field evaluated

on the curve. Remember that this is simply plugging the components of the parameterization into the vector
field.

—

F(F(t) = (1)°7—3(2cost) (2sint) j+ (2cost)*(2sint)® k

—

— 12costsint ; + 64cos®tsin’t k

Next, we need the derivative of the parameterization and the dot product of this and the vector field.

7 (t) = —2sinti+ 2cost )
ﬁ(f'(t)) . 7 (t) = —2sint — 24 sin tcos’t

We can now do the integral.

27
// curlF . dS = / —2sint — 24 sin tcost dt
0

= (2 cost + 80083t) |(2)7r
=0



‘ Question 3 ‘

Use Stokes’ theorem to evaluate fc F.dr where F = 2%i 4+ 4%j + vk and C is the triangle with vertices
(1,0,0),(0,1,0) and (0,0,1) with counter clockwise rotation.

Solution
We are going to need the curl of the vector field eventually so let’s get that out of the way first.

curlF = :22575:(2271)5

% Flo =
@M é’-"m .
8 Yo =

Now, all we have is the boundary curve for the surface that we’ll need to use in the surface integral. However,
as noted above all we need is any surface that has this as its boundary curve. So, let’s use the following plane

with upwards orientation for the surface.

Since the plane is oriented upwards this induces the positive direction on C' as shown. The equation of this

plane is,

r+y+z=1 = z=g(zy)=1l—z—y

Now, let’s use Stokes’ Theorem and get the surface integral set up.

/ﬁ.dfz//curlﬁ.dg

& s
:é/(Qz—l)j-dS
:é/@z_l);-”g}”' 1951 dA

Okay, we now need to find a couple of quantities. First let’s get the gradient. Recall that this comes from the
function of the surface.

fay,2)=z2-g(@y)=2-1+z+y
Vi=i+j+k

Note as well that this also points upwards and so we have the correct direction.



Now, D is the region in the xy-plane shown below,

We get the equation of the line by plugging in z = 0 into the equation of the plane. So based on this the ranges
that define D are,

0<z<1l 0<y<-z+1

The integral is then,

/ﬁ di = // (22— 1) -z+}+E>dA
7m+1
/ / (1-z—y)—1ldyde

Don’t forget to plug in for z since we are doing the surface integral on the plane. Finishing this out gives,

. 1 —x+1
/F-df':// 1—2x—2ydydzr
o Jo
C
1 —
:/ ( — 2zy — y) T da
0

1
z/ 22— xdx
0

‘ Question 4
| Verify Stokes” Theorem for the field F' = <12, 2z, 22> on the ellipse S = {(a:,y, 2) i da? 4yt <4,z = O}

Solution
We compute both sides in §,F -dr = [[((V X F) - ndo

We start computing the circulation integral on the ellipse 22 + % gz = 1. We need to choose a counterclockwise
parametrization, hence the normal to S points upwards.



We choose, for ¢ € [0, 27],

r(t) = (cos (t), 2sin(t), 0)

Therefore, the right-hand rule normal n to S is n = (0,0, 1)

The circulation integral is:

?QF-dr:/O%F(t)-r’(t)dt

2
= /0 (cos(t), 2 cos(t),0) - (—sin(t), 2 cos(t), 0)dt
= /0 7T[— cos?(t) sin(t) + 4 cos®(t)]dt

The substitution on the first term v = cos(t) and du = — sin(t)dt, implies fozﬂ — cos?(t) sin(t fl u?du = 0.

2m 2m
% F.dr= / 4cos?(t)dt = / 2[1 + cos(2t)]dt
c 0 0

27
Since / cos(2t)dt = 0, we conclude that 7{ F.-dr=4r
0 c

We now compute the right-hand side in Stokes’ Theorem.

AT
e

c_—~

I:/S(VXF)~ndJ

i
VxF=10, 9, 0,] = VxF=(0,0,2)
2 2z 22

S is the flat surface {22 + y <1, z=0},sodo=dzxdy

2v/1—22
Then, // (VxF) nda—/ / (0,0,2) - (0,0, 1)dydx

2v/1— 12
2?2
The right-hand side above is twice the area of the ellipse, Since that an elhpse — + e 1 has area mab, we

obtain

/ (VxF) -ndo=4r
S



‘ Question 5

Verify Stokes” Theorem for F = (y?, —x,5z) and S is the paraboloid z = 22 +y? with the circle 2% +y* = 1
as its boundary.

Solution

Surface integral,

=30 —0) —7(0 = 0) + k(=1 — 2y)

=(-1-2y)k
n= <fmafy71> or <_fm7_fy71>
= (—2z,—2y,1)

(V x F) it = 0(=22) +0(—2y) + (=1 — 2y)(1) = =1 — 2y

//R(v x F) - iidady = //R(—1 — 2y)dxdy

R is region in side C, a unit circle.
Switching to polar coordinates:

x=rcosf, y=rsinf, rel0,1], 6€]0,2x]

Hence,

2m 1
= / / (=1 —2rsin@)rdrdd
o Jo

27 7,.2 ) 1,.3
_/0 (—E—QsmH(?))
2

1

de
0

1 2
= —5(271- —0)+ 5(008(271') — cos0)

=-7



Line integral,
7{ ﬁ-fds:/ Mdzx 4+ Ndy + Pdz
c c

= / yidr — xdy + 5zdz
C

C': unit circle — Switch to polar coordinates,

T = cosf, y =sind, z=
dxr = —sin#df, dy = cos 0d#, dz=0

Hence,
2m
= / (sin 0)(— sin 6)df — cos? HdO + 0df
0

2
:/ (—sin® 6 — cos? 0)db
0

2m 2m
= / (—sin® 0)df — / cos? 0df
0 0

1

27
:75/0 (1 + cos(20))d0

:7% <0+ siné26’)>

2T

0

Question 6

Use Stokes’ Theorem to calculate [[(V x F)-adS for F = (z2%, 23, cos(zz)) where S is the part of the
ellipsoid 22 + y? + 322 = 1 below the xy-plane and # is the lower normal.

//(VXF).ﬁdS:jfﬁ-T"ds
S C

:/ Mdx + Ndy + Pdz
c

Solution

= / x2%dx + 23dy + cos(xz)dz
c

The boundary C is the circle 22 4+ ¢ = 1 in the plane z = 0. Because 7 is the lower normal, the right-
hand rule induces the clockwise orientation on C, so we parametrise it clockwise (or, equivalently, keep the
counter-clockwise parametrisation and change the overall sign).

Using polar coordinates,

z =0, T = cos b, y =sinf
dz =0, dx = —sin 6d#, dy = cos 0df

With the counter-clockwise parametrisation,

2
j{ F.dr= / cos 0(0)(— sin d6) + cos® O(cos 0)dH + 0
Cecw 0

27
= / cos* 0dh = 3—77
0 4

Therefore, for the lower normal (clockwise orientation),

//VXF hdS = fF dr—_j{ F.dr:_%ﬂ

cw



‘ Question 7 ‘

Use Stoke’s Theorem to evaluate the line integral [ F - drc where F is the vector F = <46‘1”2 — y) T+

(16 sin (y2) + 3x) j + (4y — 2o — e*) k and C is the curve of intersection of the cylinder 22 + y? = 16 and
the plane z = 2z 4 4y and C' is oriented in a counterclockwise direction when viewed from above.

Solution
The curl of F is computed as,

i j K
_ o) lé] le]
curl F = = 55 =
4e”’ —y 16 sin(y?) + 3z 4y — 2z — €*
— 4i+2j+ 4k

Now, writing the plane z = 2z + 4y as the level surface G(z,y,2) = -2z —4y + 2z =0,

NdS =VGdA = (—2,—4,1)dA
Applying Stokes’ theorem,

/CF~dr:/S/<4,2,4)-(—2,—4,1)dA

- /R /[(4)(—2) +(2)(—4) + (4)(1)]dA

= / (—12)dA
R
= (—12)(Area of R)

= (—12)(167) = —1927

Question 8

Evaluate the line integral of F(z,y,z) = (xy,2z,3y) over the curve C that is the intersection of the
cylinder 22 + y? = 9 with the plane x + z = 5.

Solution
To describe the surface S enclosed by C, we use the parameterisation

r=wucosv, y=usinv, z=5—ucosv, 0<u<3 0<v<2m

Using r,, = {cosv,sinv, — cosv) and r, = (—usinv, u cos v, usinv), we obtain,

ry X ry = (u,0,u)
Compute the curl,

o 0 0
curl F = <8at’8y’ 82> x {xy,2z,3y) = (1,0, —x)

Let D be the domain of the parameter,

D={(u,v)|0<u<3, 0<wv<2r}



Using Stokes’ Theorem,

/F-dr://curlF-dS
c s

_ //D curl F(r(u,v)) - (ry x 1,)dA
= /03 /O%(LO7 —ucosv) - (u,0,u) dvdu

3 27
:/ / (ufu2 cosv) dv du
o Jo
3 o 3
z/ [uv—uQSinv]O du:/ 21u du
0 0

:27
T

0
=97

Question 9 ‘

Evaluate [[(V x F)-ndS where F(z,y,z) = (yz,zz,2y) and S is the part of the sphere 22 +y? + 22 = 4
that lies inside the cylinder 22 + y? = 1 and above the xy-plane.

Solution

X x*+ _\'2 =1
Surface S is bounded by a circle formed by the intersection of the sphere of radius 2 and the cylinder of radius
1

We can describe 05 using the vector-valued function,

r(t) = (cost,sint,V3), 0<t<2n
Using Stokes’ Theorem,

//(VXF)~ndS: F-dr
s as
2m
= / F(cost,sint,V3) - (—sint, cost, 0)dt
’ 27
= \fS/ (cos? t — sin? t)dt
0

27

= \/§/ cos 2tdt
0

=0
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