2

Tutorial 2: Partial Derivatives Engineering Applications
of Partial Derivatives

Prepared by: Hong Vin | Website: https://kix1001.hongvin.xyz
‘ Question 1 ‘
: . — of of . . - ”
Find the partial derivative 50 and 3z of these functions using the limit definition
y x

(a) flz,y) =2y +22c+y°
(b) f(z,y) =2® — dzy + y?

(c) f(z,y) = 22®+ 3wy —

Solution

(a)
f(x+h,y) 7f(x7y)

(x4 h)’y+ 2+ h) +y? - (2Py + 20 +yP)
= lim
h—0 h
_ 1 z2y+2xhy+h2y+2x+2h+y3—(z2y+2x+y3)
= alo h
. 2zhy + h%y + 2h
= lim
h—0 h

= lim 22y + hy + 2
h—0

=2zy+2
o) = tim L2 1) =F)

o DR 22+ (y+ h) -2ty — 22— yP
h—0 h

~ lim 22y 4+ 22h + 22 + y3 + 3y%h + 3yh? + A3 — 22y — 22 — 93
h—0 h
. x2h+ 3y?h + 3yh? + h®

= lim
h—0 h

= lim 22 4 3y + 3yh + h?
h—0

— ]}2 +3y2

f(x+h7y)_f(x7y)

fo(z,y) = lim W
. (z+h)? =4z + h)y+y* — (2 — day + y?)
= lim
h—0 h
o 2% + 2zh + h? — day — dhy + y? — (22 — dzy + y?)
= 50 h
. 2zh+ h* — 4hy
= hm —_—
h—0 h

:%%(2$+h74y)

=2r —4y
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f(x,y+h)—f(x,y)

i DAy ) 4 (4 h)? — (@~ day +y?)
= hso h
. x2—4xy—4xh+y2+2yh+h2—(J:2—4xy—|—y2)
= lim
h—0 h
. —4xh + 2yh + h?
= lim
h—0 h
= lim (—4z 4+ 2y + h)
h—0
= —4dx + 2y

af = lim f(x—i—h,y)—f(a:,y)

% h—0 h
. h (622 + 6zh + 2h? + 3y)
= lim
h—0 h

= lim (62° 4 6xh + 2h* + 3y)
h—0

= 622 + 3y
8y h—0 h
~ lim h(3z —2y — h)
h—0 h

:}ng%)(gx_%_h)

=3z — 2y

‘ Question 2 ‘

Determine all the first and second order partial derivatives of the function
(a) flz,y) =2y’ +3y+a
(b) f(z,y) = z*sin 3y
(c) fla,y) =a®y +1n(y* —x)
(d) flz,y) =e™(2z —y)
Solution

(a)

of _, 3 Of _ o 2o
ax_Q:py +1 ay—3xy +3
ﬁ 87f 3 ﬁ of _ 2
Ox <0m) =2 Oy <3x> = by
9 (91 _gpp 9 (9F) _ g2
Ox ( y) o dy <3y> -0y
(b) 5 )
—f = 42° sin 3y —f = 3z cos 3y
Or dy

<

D (OF\ _ oo 9 (OF\ _ 53
97 <8x>_12x sin 3y 3 (8:1:)_1296 cos 3y
0

2 <6f> = 1223 cos 3y 2 (gf) = —9z%sin 3y
Y Y



of _ Yt — 1 67f 2 2y
ar Y y2—x oy y2—
D(ON Lo fary _, %
oz \oz) YV T -2  ay\oz) (42 — )2
o (0f 2y o (0f —2y% — 2z
— | = | =22+ — |5 )=
Oz \ Oy (y>—=)* Oy \9y (y* —x)?
(d) o o
S Lry _ 2 4 oy 2 _ _
5 = ¢ (2zy — y* + 2) 9y e (22 —axy — 1)
E g — Y 2 3 2 g — %Y (23 — 12 —
5 <8z) =e"™(2zy” — y° + 4y) oy \ae) = e (2xy — xy” + 4z — 2y)
g g — %Y (2020 — 12 —_ 3 % — Y (D3 _ 2y
5 (83/) =" (2z%y — axy” + 4o — 2y) oy \ay) = e (2z° — x*y — 2x)

‘ Question 3 ‘

Find both partial derivatives for each of the following two variables functions

(a) g(z,y) =yt

(b) h(z,y) =xsiny —ycosx

Solution
(a)
g(z,y) =ye”tY
9o(z,y) = ye* v
gy(z,y) = "V 4 yetY

h(z,y) = xsiny —ycosz
he(z,y) =siny + ysinz

hy(z,y) = xcosy — cosx

p(z,y) =2¥ +
pa(z,y) = ya ="
py(x,y) =a¥Inz + 2y

W @))% oy

Oz ’ (z —y)? (z —y)?

oU _ . _ (@-y) (27") —9°(=1) _ 27ay® —18y°
oy Y (z —y)? - (r—y)?



‘ Question 4 ‘

For f(x,y, z), use the implicit function theorem to find dy/dx and dy/dz
(a) flz,y,2) = x2y3 + 22 + LYz
(b) f(z,y,2) = x22% + yg +4dxyz

(c) f(z,y,2) =322y + 2229 + P22t + y22

Solution

(a)
flx,y,2) = y® + 2% + ayz
dy _ fr_ 2wytye
de  fy 3222+ az
@ _ _B _ 2z+wy
dz  fy 3222+ az

(b)

f(xy,2) = %22 + 4% + dayz
dy  fx 32222 4+ dyz

de fy 3y +4xz
dy _B B _2m3z—|—4my
dz  fy 3y +4xz

f@,y,2) = 32%y° + 22%y® + 22" + 72

dy  fx 62y + 22y + dyB2a®
de  fy 92292 + 2x22y + 3y2zat + 2z
dy fz 2zz2y? + yPxt + y?

dz fy  922y% + 2z2%y + 3y2zat + 2yz

‘ Question 5 ‘

Find %—f and %—1;, if applicable, for the following composite functions
(a) F =sin(x +y) where = 2st and y = s + ¢2
(b) F =1n(2%+y) where z = e and y = s? + ¢
(c) F = x%y? where x = scost and y = ssint
(d) F = a2y + yz* where = e!,y = e'sint and z = e’ cost
Solution

(a)
OF OFdx _9F dy

3s G ds |y os
= cos(x + y)(2t) + cos(z + y)(2s)
= 2t cos(2st + 5% 4 t?) 4 25 cos(st + 5% + %)
=2cos((s +1)?)(s + 1)
OF _0Foe  oFdy
ot Oxr 0t Oy Ot
= cos(z + y)(2s) + cos(x + y)(2t)
=2cos((s +1)%)(s +1)



8F_8F%+6F@
ds  Ox 0s Oy Os
2x L2 1
:75 2
m2+ye +x2+y8
2 2
_ s+t
_m2+y<aje —|—3>

OF _ 0Pz 0Py
ot Ox Ot Oy Ot
_ 2x 2tes+t2 4 1

24y x? +y

1
=Pty (4xtes+t2 + 1)

(1)

or _oros  oroy
Js Or 0s Oy Os
= 2xy? cost + 2xysint
= 2(scost) (s*sin®t) (cost) + 2 (s* cos® t) (ssint)(sint)
= 25% cos® tsin® t + 2s° cos? tsin® t
=453 cos® tsin? t

= 453(costsint)?

1 2
= 44> <2 sin Qt)

= 53(sin 2t)*
oF _oroe oroy
ot Or ot 0Oy Ot
= 2zy*(—ssint) + 22%y(s cost)
= 22%ys cost — 2zy’ssint
=2 (s>cos®t) (ssint)scost — 2(scost) (s*sin®¢t) ssint
= 2s% cos tsint — 2s? costsin®t

= 2s*(costsint) (cos® t — sin®¢)

1
= 25" (2 sin 2t) (cos 2t)

= s sin 2t cos 2t

AF _OFor  OF 9y  OF 0
dt Oor ot Oy ot 0z Ot
= ye! + (x + 22) (et cost + sin’ et) + 2yz (—et sint + cos tet)
= ye! + xel cost + wsin’ ef 4 2%e cost + 2% sinte’ — 2yze sint + 2yz cos te!
= ye! + e cost (a: + 22+ 2yz) +elsint (:1: + 2% — 2yz)
=e'sint - e’ + e cost (et + et cost + 2e?t sint cos t)
+elsint (et + e?! cos® t — 2e! sint cos t)
= e sint 4 e* cost + €3t cos® t + 2e?! sint cos® t + e?!sint + 3 sint cos? t
—2e3tsin®tcost
=2 sint + €% cost + €3 cos® t + 33 sint cos? t — 2e> sin? t cos t

= e®"(2sint + cost) + €¥ (cos® t + 3sint cos® t — 2sin” t cost)



‘ Question 6 ‘
Find dy/dx and dy/dz (if applicable) for each of the following

(a) 72?2 +2z2y? +9y* =0

(b) 2322 + 93 + dayz =0

(c) 32%y% + 22%y% + yPzat + 4?2 =0
)

(d) ¥° +2%y3 =1+ yexp (2?)

Solution
(a) )
dy Gy la+2y°
- OF — 2
dx Sy 36y~ + 4zy
(b)
dy gy 30+ dye
- 9F T 2
dx Sy 3y? + 4dxz
@ _ _% _ _23:32—|—4xy
- T 9F — 2
dz m 3y* +4xz
(c)
df;y _ _%:i _ 6y + 222 + 43223
de %—5 O 922y2 4 2222y + 3y2zat + 2y
diyff%ff 2xzy2+y3:z:4+y2
dz %—5 o 9x2y2 4 2222y + 3yrat 4 2y2
(d)
oF 2 ( 2 x2>
-
dx %—Z 5yt + 3x2y2 — e®
‘ Question 7 ‘
9(z,y)

(a) In polar coordinates, © = r cos 6,y = rsin 6, show that o) =T

(b) Obtain the Jacobian J of the transformation s = 2z + y,t = x — 2y and determine the inverse of
the transformation J;. Confirm that J; = J~1.

(c) Show that if x + y = u and y = uv, then ggizg =u.

(d) Verify whether the functions u = ff% and v = tan~! x + tan~! y are functionally dependent.

. utv d(u,v)
(e) If z = uv, =7, find A(z,y) "

Solution

(a)

For x :TCOSQ,% :cos0,% = —rsinf
yzrﬁn@,% :sinﬁ,% =rcost
cosf —rsinf |

=T

O(w,y) _ % %
a(r,0) 2 5

sinf rcos6



L= J!

THUV =U— T =U— UV

é%:l_v
Te=-1
Y = uv
oy,
d—g*u
3(%@/)‘% o
O(u,v) |58 5
1—v v
| —u u

=Uu
(d) ) )
du  du 14 1+
Olwo) 15 oy _ |opor o
oz.y) oz oy 27 T1y2
B 1 1
C(L—ay)? (1—ay)?
=0
(e)
d(z,y) ‘gz Gy ‘ v u
a = oz dy = |_ 2v 2u
(w,v) |5 & -2 ~ (u-v)
_ 2uv 2uv
C(u—v)?  (u—v)?
_ 4duv
C (u—w)?




‘ Question 8 ‘

(a) How sensitive is the volume V = mr2h of a right circular cylinder to small changes in its radius and
height near the point (rg, ho) = (1,3)?

(b) If r is measured with an accuracy of £1% and h with an accuracy of +0.5%, about how accurately
can V be calculated from the formula V = wr2h ?

(¢) The period T of a simple pendulum is T' = 277\/% , find the maximum percentage error in T' due to
possible errors up to 1% in ! and 2% in g (Hint: # = 0.001 and d?g =0.002)

v? sin 20

(d) The range R of a projectile which starts with a velocity v at an elevation « is given by R = 7

Find the percentage error in R due to an error of 1% in v and an error of 0.5% in «.

Solution
(a)

By increment method, we get

AV =~ <8V) Ar + ) Ah
0 (ro,ho) (r0,ho)

=V.(1,3)Ar + V,(1,3) AR
= (2mrh)q 3)Ar + (7Tr2)
=6r-Ar+mx-Ah

43. (i) 1,3)

4.3.(ii)

The above result shows that a one-unit change in r will change V' nearly by 67 units and a one-unit change
in h will change V nearly by 7 units.

Therefore, the volume of a cylinder with radius 7 = 1 and height A = 3 is nearly 6 times as sensitive to
small change in r as it is to small change in h Fig. 4.3(i).

In contrast, if value of r and h are reversed, so that r = 3 and h = 1, then AV = 67 - Ar + 97. Ah. The
volume is now more sensitive to small change in h to that it is to change in r. Thus the sensitivity to
change depends not only on the increment but also on the relative size of r and h (See Fig. 4.3 (ii)).

(b) For V = 7r2h or logV = log w + 2log r + log h, increment approximation implies

AV _Ar A
A2t

14 h
&7 % 100 = +1 &) < s
Given, An ’ 1 } so that | {,,} = 190 }
TG x100==+05=3 <
AV Ar  Ah 2 1
= — <2|— — 4+ —— =0.025
’ 4 T ’ ’ ~ 700 " 200

Thus, the maximum percentage error (or change), viz. |A7V| x 100, due to possible percentage error (or
change) in measurement of  and A will be about 2.5 per cent.

1 1
logT:log2ﬂ'+ flogl— flogg

dr

— 1_7
- 0—|— d dg

OB OE
(2 ()

= 0.0005 £ 0.001
. Max error = 1.5%



d) Given R = ¥isin2a o, log R = 2logv + log sin 2a. — log g.
g

By error approximation (i.e. taking differential on both sides)

OR v 1
—_— = 200 - 2 =
R 2 ” + 2 Cos2a da, (0g = 0)

<5R X 100) =2 <6v X 100) + 2a(cot 2a) (M X 100)
R v «

1
:2><1+2a-cot2a><O.5:2—|—2acot2a><5

or

= (24 acot2a)

Hence, the percentage error in calculation of R due to errors of 1% in R and 0.5% in « is (2 + a cot 2a).

‘ Question 9 ‘

Find the equations of the tangent plane and normal line to the following surfaces at the points indicated:
(a) 22 +2¢y%> +322 =6 at (1,1,1)
(b) 222 +y? — 22 = -3 at (1,2,3)
(c) 22 +9?> —z=1at (1,2,4)

(d) In (;) — 22— 2y) — 3z =3 at (4,2, 1)

(e) 232+ 2%z — 2yz =0 at (1,1,1)

(f) z=5+(x—1)*+ (y+2)? at (2,0,10)

1’2 y2 22
— 4+ =+ —=1at (1,2,1
(6 S+ +Z =1at(1,2,1)

(h) ze* + e +ay+y=3at (0,3-1)

Solution

(a) Partial derivation yields:

of of _ of _
8x_2x By =4y 92 =62
9y 9y Y
0x (1,1,1) 8y(1’1’1) 0z (1,1,1)

Tangent plane:

w2 (5) +w-m (F) +G=0 () -0

2@ —1)+4(y—-1)+6(z—1)=0
20 —2+4y—4+62—-6=0
T+2y+32=6
Normal line:

xr — Zo Y —Yo Z— 20

(&), &), )
ox 0 oy 0 0z 0
r—1 y—1 2z-1
2 4 6
z—1 y—1 =z-1
2 3




(b) Partial derivation yields:

or _
or

of

07 (1,2,3)

Tangent plane:

4z

of of

S ECR)
oy~ 0T T

of of _
Y (1,2,3) 0z (1,2,3)

w2 (5) +-w (5) +e-a0(5L) =0

Normal line:

4z—1)+4(y—2)—6(2—3)=0

dr—4+4y—-8—-62+18=0
dx + 4y — 6z = —6
2042y — 3z = -3

T—To _Y—Y% _ 2~ %20
af af af
(), (5), (&),
x—1 y—2 2z-3
4 4 —6
z—1 y—2 =z-3
2 2 -3
(c) Partial derivation yields:
of of of
— =2 — =2 - =-1
or * dy Y 0z
B
0x (1,2,4) Y (1,2,4) 07 (1,2,4)
Tangent plane:
of of afry _
((E CL'O) <8$)O+(y yO) <6y>0+(2 ZO) (az 0_0

Normal line:

(d) Partial derivation yields:

of _ 1 »
dr *
of B
- %(4,2,—1) N

2@ -1 +4y—-2)—1(z—4)=0
20 —2+4y—8—2+4=0
2v+4y—2=6

T—%o _Y—Y% _ 2~ %0
®, @, ®
ox 0 v /o 0z 0
z—1 y—2 2z2-4
2 4 = -1
of . 1 of
— =2z — - — =-2z(zx—2y)—3
Oy : Y 0z 2 =2y)
3 of 3 9of _
4 Y (42,-1) 2 0z (42,-1)

10



Tangent plane:

w2 (52) +-w (5) +ie-20(5L) =0

—§(x—4)+g(y—2)—3(2+1):0

4
3 3
—1w+3+§y—3—3z—3:0
3 3
VR + JY - 3z=3
Normal line:
T—To _Y—Y _ 2~ %0
(%), ), &)
ox 0 v /o 0z 0
r—4 y—2 z+1
3 3
—1 2 -3
(e) Partial derivation yields:
%:3x22+z3 %:722 %:x3+322x72y
0x (1,1,1) 3y(1,171) 0z (1,1,1)

Tangent plane:

w2 (5) +-w (5) +ie-20(§L) =0

4x—1)—-2y—-1)+2(z-1)=0
dr—4-2y+2+22-2=0

doe —2y+2z2=4

2 —y+2=2

Normal line:

(f)

z=54+ (-1 +w+2°?’ = (-1 +(@y+2>*-2=5

Partial derivation yields:

Of _ o of _ of _ _

e =2 1) By Ay+2) =1
of _y O _q 9 __
0z (2,0,10) Y (2,0,10) N 0z (2,0,10)

11



Tangent plane:

(x

Normal line:

(g) Partial derivation yields:

Tangent plane:

(z — o) (Z)OHZ’_W (%)OJr (z = 20) (ag =0
1

0
1 2 1
L1+ 2ly—2)+5(-1)=0
Loto2 o411
6" 6 3/ 372" 27
1 +4 +3 1 8 3 0
—x+ = —z— = — = — = =
6°76"T6° 6 6 6
+4 +3 2=0
676776
r+4y+3z2=12
Normal line:
T—Tp Y—Y 22— 20
(%), &), )
ox 0 oy 0 0z 0
x—1 y—2 =z-1
i — 2 7 1
6 3 2
x—1 y—2 z-1
i - 4 = 3
6 6 6
x—lzy—2:z—1
1 4 3
(h) Partial derivation yields:
0 0
aizzel+y 8—£:x+1 8—£:el+ez+1
0
_. 9 _ of _ of _
0z (0,3,—1) 9Y (0,3,-1) 07 (0,3,—1)

0
o (2

) o) e () -

20x—-2)+4(y)—(¢—10)=0
20 —4+4y—2+10=0
2z 44y — 2z = —6

T—%o _Y—Y _ 2~ %0
af of af
(%), &), (%),
x—27g72—10
2 4 -1
of = of _y Of _:z
or 6 oy 3 0z 2
of  _1 o _zoor 1
0xr (121 6 Y (12,1 3 0z(1,21) 2

12



Tangent plane:

w2 (52) +-w (5) +ie-20(5L) =0

9/,
2x)+(y—3)+2(z+1)=0
20+y—3+22+2=0
2r+y+2z=1

Normal line:

rT—Tp Y—Y 22— 20

(%), (&), )

é}xo v /o azo
x y—3 z+1
2 1 2

This work is licensed under a (Creative Commons “Attribution-NonCommercial- @@@
ShareAlike 4.0 International”! license.
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