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Question 1 ‘

Sketch the two points P(3, —1,5) and Q(2,1, —1) in three-dimensional space and find the distance between
the two points.

Solution

P=(3,-15)

Distance between the two points:

PO = \/(@s — 1)* + (g2 — 2)” + (22 — 1)°
AT — V@3 T (- ()P + (-1 -5p
/A/ —_— R =41

2oe=@1L-1 | M

Question 2

For the position vector a= = (2,4), compute 3a a and —2a Sketch all four vectors on the same axis

system. Discuss the effects of scalar multlphcatlon on the magmtude and direction of the original vector.

Solution
A
124
10 T a
8+ e The scalar multiplication affects the magnitude of vectors if
the scalar is a negative value. For example, —2a switch the
°T direction in exactly the opposite direction.
T e The scalar multiplication affects the magnitude of vectors if
Pl ‘3 the scalar is not equal to 1.
| | lu : | | e When scalar > 1, the length of the vector is stretched. (mag-
4 2 9272 a4 6 nitude increased)
Hl =
—2a e When scalar < 1, the length of the vector is shrinked. (mag-
~ [ ad nitude decteased)
64
-84
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‘ Question 3 ‘

Two vectors are given as O.}>’: i +37 — 7k and O@ =51 —2j + 4k

(i) Find the unit vector in the direction of ]@
(ii) Find the direction cosines of ]@

(iii) Find the vector with magnitude of 5 in the direction of Cﬁ in polar form

Solution

(i)
PG =00 - 0P
= (5,-2,4) — (1,3, -7)
- <47 757 11>

55 P4

]

(4,-5,11)
VAP (5)2 + (11)2
= i<4, —5,11)

(iii) Comparing each component, we obtain:
e For component i, cosa = —4-
~’ 9IV2

® y —"

For component i , cos 3 o5

e For component k, cosy = o5

‘ Question 4 ‘

Two points are given as A(1,2) and B(3,4).
(i) Find the vector equation of line L that is passing through point A and B.

(ii) Sketch the line for £ =0:1: 5 and indicate its direction and initial point.

Solution

(i) Direction of vector is parallel with AB =0B - OA = (3,4) — (1,2) = (2,2)
Vector equation of line L is r = a +tv = (1,2) +¢(2,2)

(i)

A
t r 12
0 (1.2 o
1] (3,4) 8+
2 (5,6) 64
3] (7,8 al
4] (9,10)
5 [ (11,12) 2T




‘ Question 5
If a unit vector @ makes an angle of 7/3 with ,7/4 with j and acute angle 6 with k, find 6 and the

components of a.

Solution
Let «, 8,7 to represent angles of @, and @ = a1i + asj + ask.

a1
Cosa:m
1
(5) -7
cos|— ) =—
3 1
1
a1:§
a2
cosﬁ=@
(3)-7
cos|— ) =—
4 1
1
alzﬁ
as
COS’Y:|(],73
a
COSGZTS
as = cosf

1
1= 1+7+cos29
1*%+COS29
1
2
0=-
cos 1
1
0=+-
cos 5
0 = 60° or 120°
1 1 1 1, 1 .1

Lad=—-i+—j+zk or d=—i+—j— -k

‘ Question 6

| If @ is a unit vector and (¥ — @) - (£ + @) = 8, find |Z|.

Solution  Since @ is a unit vector, |@| = 1.

|Z]° —1=8
|Z* =9
|7 =3

Note that magnitude of vector is non-negative.



‘ Question 7
| Find the gradient for f = (222 +y) / (2% — y?).

Solution

d B (:1:2 - y2) (4z) — (2x2 + y) (2z)
%(f) - (1’2 _ y2)2
d _ 2xy(—2y — 1)
&)= Ty
" (2~ 7) (1) - (25 +9) (-29)
d :xz—yQ — (222 +y) (~2y
dy(f) 2 )
d ::x24—4x2y4—y2
AL
Hence

~ 2xy(—2y—1). 22 + 42y + 2 .

VI e T ey

‘ Question 8 ‘

Calculate the divergence of the following vector fields of F'(x,y) and G(z,y);
(a) F =y +xyj
(b) G = i +sin(y)j + 3k
(¢) G=e"i+1In(zy)j + "%k

Solution

(a)
OF,  OF;

V~F(x,y)=%+a—y

—3 3+2x =0+zr==x
_&L'y dy y= o

oG, n 0Go n 0G5
oz Jy 0z

9 (4 o . d
_ax(l‘Q>+aySIH(y)+823

V.G=

0
=4y x 8—96_2 + cos(y) = 4y x (=2)z 271 + cos(y)
x
8y

= —8yz 3 4 cos(y) = -3 + cos(y)

oG, n 0G4 N 0G3
ox dy 0z
0

0 0
— . v Y ryz
5° + 9y In(zy) + 52¢

V-G=

0 0
— o v TYz v
e” + 9y (In(z) 4+ In(y)) + e™¥* x e (xyz)

1
=e’ + — + zye"*
Y



‘ Question 9 ‘

Calculate the curl of the following vector fields of F(x,y, 2);

(a) F =32% +2z5 — 2k
(b) F =y’ +ayj— 2k
() F=(1+y+2%)i+ (") g — (zy2)k

Solution

(a)

i ik
VXxF= a% a% %
322 2z —x
C(O(=z) 0(22)\. [o(-x) 9(3z%)\  ~ [0(22) 9 (3z?)
_< oy 0z >2_< or 0z >]+<3x_ oy )k
=(0-2)i—(=1-0)j+ (0—0)k
=2+
" OF;  OF. OF; OF OF, OF
ver=(G-T)i- (Tt (T -5
_(0(=2) Oy)\. (02 0(°))., (0@y) ()
_( oy 0z )“( or 0z )”( or oy )’“
=0i — 0j + (y — 3y*) k
:(y—Syg)kz

i.e., the curl vector is in the k direction.

()
C curl(F) =V x F = (;y(myz) - % (eW)> i+ <aaz (1+y+2%) - ;x(xyZ)> j

0 0 -
TYz\ __ 2
+<8x(6 ) ay(1+y+z))k

curl(F) = (22 — 2ye®™?) i + (22 — y2)k + (yze™* — 1) k
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