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Question 1 ‘

Sketch the two points P(3, —1,5) and Q(2, 1, —1) in three-dimensional space and find the distance between
the two points.

Solution

P=(3,-15) »

e Distance between the two points:

PO = \/(@s — 1)% + (g2 — 92)” + (22 — 2)?
— V=3P + A ()P (-1-5pP
. e

Question 2

For the position vector a = (2,4), compute 3a, %a, and —2a. Sketch all four vectors on the same axis

system. Discuss the effects of scalar multiplication on the magnitude and direction of the original vector.

Solution
A
124
10 + a
8+ e . S
e Multiplication by a negative scalar reverses the direction of
61 a nonzero vector. For example, 722 points in the opposite
direction and has twice the magnitude.
41
a o Multiplication by a scalar ¢ multiplies the magnitude by |¢|.
274 The magnitude is unchanged when ¢ =1 or ¢ = —1.
1
a4 2 0722 a4 & o When |¢| > 1, the vector is stretched.
21 o When 0 < |¢| < 1, the vector is shortened. When ¢ = 0, the
—?a . result is the zero vector, which has no direction.
64
-84
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‘ Question 3 ‘

Two vectors are given as O?: 1 +3j5 — 7k and @ =5i—2j +4k

(i) Find the unit vector in the direction of J@
(ii) Find the direction cosines of ]@

(iii) Find the vector with magnitude of 5 in the direction of Cﬁ in polar form

Solution
(i)
PG =00 - 0P
= (5,-2,4) — (1,3, -7)
= (4,-5,11)
(i)

.
"R
(4,-5,11)
V@2 4 (=5)% + (11)2

» For component i, cosa = 575
o For component J, cos 8= o

e For component k, cosy = o5

‘ Question 4 ‘
Two points are given as A(1,2) and B(3,4).

(i) Find the vector equation of line L that is passing through point A and B.

(ii) Sketch the line for ¢ = 0:1: 5 and indicate its direction and initial point.

Solution

(i) Direction of vector is parallel with AB=0B -~ OA = (3,4) — (1,2) = (2,2)
Vector equation of line L is r = a +tv = (1,2) +¢(2,2)

(i)

A
t r 12
0l (1.2 10
1] (3,4 81
21 (5,6) 64
31 (7,8) 4l
4] (9,10)
5 | (11,12) 2T



Question 5
If a unit vector @ makes an angle of 7/3 with ¢, 7/4 with j and acute angle 6 with k, find 6 and the

components of d.

Solution Let
a, B,

to represent angles of

y

, and
a=ayi+ asj + ask

cosazlj
a
(3)-7
cos (=) =—
3 1

1

a1:§

as
cosﬁ:ﬁ
(1) -7
cos|— ) =—
4 1

1
QQ—E

as
cos'y—ﬁ
cosﬂza—l3
ag = cosf

1
1=4/=+ =+ cos20
4
3
1—1—&—00529
1
2
0=-
cos 1
1
cosf = +—

1
Since 6 is given as an acute angle, cosf > 0, hence cosf = 3 and 6 = 60°.

1 1 1
oo 0=160° G=_—i+—j+ -k
a 2Z+\/§]+2

‘ Question 6

| If @ is a unit vector and (¥ — @) - (¥ + @) = 8, find |Z|.

Solution  Since @ is a unit vector, |d| = 1.



|Z]° —1=8
|Z* =9
|Z] =3
Note that magnitude of vector is non-negative.
‘ Question 7
| Find the gradient for f = (2362 + y) / (;v2 — y2).
Solution ) ) )
i(f) _ (2% — y?) (4z) — (222 + y) (22)
dx (22 —y?)?
i(f) _ 2zy(—2y—1)
™™ (22— g2)?
and ) ) )
i(f) _ (x -y ) (1) — (233 —|—y) (—2y)
dy (a2 — y?)*
i(f) Ca? + 42y + 2
" (@ -y’
Hence
Vi 20y(—2y —1). a2+ 42’y +9y? .

(22 — y2)° (22 — y2)°

‘ Question 8 ‘

Calculate the divergence of the following vector fields of F(x,y) and G(z,y);
(a) F=y’i+ayj
(b) G = ¥i+sin(y)j + 3k
(¢) G =¢e*i+1In(zy)j + e™¥*k

Solution

(a)
OF, | OF,

V~F(x,y)=E+a—y

_ﬁ 3+£x =0+zr==x
_8xy dy y= o

0G4 n 0G> n 0G5
oz Jy 0z

_ 9 (4 0 . )

V.-G=

=4y x %.’L’_Q + cos(y) = 4y x (=2)z 271 + cos(y)

- 8y
= —8yz > 4 cos(y) = 3 + cos(y)



0G1 n 0Gy  0GS3

vG= Oz oy * 0z
0 0 0
— L a7 i Y xyz
5m° + o9 In(xy) + 72¢

0 0
— o v TYz v
e’ + 99 (In(z) 4+ In(y)) + e™* x e (xyz)

1
=e" + — + axye™?*
Y

‘ Question 9 ‘

Calculate the curl of the following vector fields of F(x,y, 2);
(a) F =3z% + 225 — 2k
(b) F=yi+xyj — 2k

(¢c) F= (1 +y+ 22) i+ (%) j — (zy2)k

Solution
(a)
ik
VxF=| g & &
32 2z —x
_(9(=x) 0(22) . (—x) 9 (327%) + 9(22) 9 (32?) )
N oy 0z or 0z J ox dy
=0-2)i—(-1-0)j+(0—-0)k
=2+
) 0F; OF. 0F; OF; oFy OF,
S it S it I S (init: AUl I gr2 Yl
VXF<6y 8Z>Z <8a: az>j+ ox 8y>k
(0 oy, (a0 W) (d 26,
dy 0z ox 0z Ox Jy
=0i — 0j + (y — 3y*) k
= (y - 3y2) k
i.e., the curl vector is in the k direction.
(c) Szyz) e
- —ryz) eV \ -
curl(F) = ( oy P > 1
(1 +y+ 2?) _ O(—ay2)\ =
* ( 0z ox J
TYz 2 .
n de™= 9(1+y+2°) i
ox Ay

curl(F) = — (2 + 2ye®™?) i + (22 + y2)j + (yze™* — 1)k
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