MULTIPLE INTEGRALS

WEEK 10: MULTIPLE INTEGRALS

10.1 DOUBLE INTEGRALS OVER RECTANGLES

10.1.1 Review of Definite Integrals

First let’s recall the basic facts concerning definite integrals of functions of a single variable. If f (x) is
defined for a < x < b, we start by dividing the interval [a, b] into n subintervals [x;-1, x;]] of equal
width Ax = (b —a)/n and we choose sample points x; in these subintervals. Then we form the
Riemann sum:

Z FGDAx (1)
i=1

and take the limit of such sums as n —oo to obtain the definite integral of f from a to b:

b n
f(x)dx = lim ) f(x)Ax ..(2)

In the special case where f (x) 2 0, the Riemann sum can be interpreted as the sum of the areas of

the approximating rectangles in Figure 10.1, and f;f(x)dx represents the area under the curve y =
f(x) from a to b.
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Figure 10.1: Riemann sum approximation
10.1.2 Volumes and Double Integrals
In a similar manner we consider a function f of two variables defined on a closed rectangle
R=1[ab] x[c,d]={(x,y) € R? |[a<x<bhc<y<d}
and we first suppose that f (x, y) = 0. The graph of fis a surface with equation z = f (x, y).
Let S be the solid that lies above R and under the graph of f, that is,

S={(x,y,2)€ R¥| 0<z<f(x,v),(x,y) ER (SeeFigure 10.2.)



Figure 10.2: fis a surface with equation z = f (x, y).

Our goal is to find the volume of S. The first step is to divide the rectangle R into subrectangles. We
accomplish this by dividing the interval [a, b] into m subintervals [x;-1, x;] of equal width Ax = (b —
a)/m and dividing [c, d ] into n subintervals [y;-1, y;] of equal width Ay = (d —c)/n.

By drawing lines parallel to the coordinate axes through the endpoints of these subintervals, as in
Figure 10.3, we form the subrectangles

Ri =[xy, ;] X [yicy, il ={(x, ) %1 S x < x5, yio1 <y <yi}

each with area AA = AxAy.
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Figure 10.3: Dividing R into subrectangles

If we choose a sample point (xif,yif) in each Ry, then we can approximate the part of S that lies
above each R;; by a thin rectangular box (or “column”) with base R; and height (x;;,y;;) as shown in
Figure 10.4.

The volume of this box is the height of the box times the area of the base rectangle:

f(xij,yi7)DA



Figure 10.4: Approximation by a thin rectangular box

If we follow this procedure for all the rectangles and add the volumes of the corresponding boxes,
we get an approximation to the total volume of S:

m i

3] V= 3 fxi yi) AA

i=1 j=I

This double sum means that for each subrectangle we evaluate f at the chosen point and multiply by
the area of the subrectangle, and then we add the results. (See Figure 10.5.)

Figure 10.5: Approximation to the total volume of S

Our intuition tells us that the approximation given in Eq. (3) becomes better as m and n become
larger and so we would expect that:

i i

(4] V= lim X fxi y¥) AA

ey A
m, n i=1j=1

We use the expression in Eq. (4) to define the volume (V) of the solid S that lies under the graph of f
and above the rectangle R. Limits of the type that appear in Eq. (4) occur frequently, not just in
finding volumes but in a variety of other situations even when fis not a positive function. So we
make the following definition.



[5] Definition The double integral of f over the rectangle R is

H,“ X, y)dA = lim 22} (X7, vi)

m.n “r 1 j=1

if this limit exists.

L

The precise meaning of the limit in Definition 5 is that for every number € > 0 there is an integer N
such that

fff(x,y)d ii f(xifvif) DAl < &
R

i=1j=1

for all integers m and n greater than N and for any choice of sample points (xi}k,yifk) in Rj. A function
fis called integrable if the limit in Definition 5 exists.

It is shown in courses on advanced calculus that all continuous functions are integrable. In fact, the

double integral of f exists provided that fis “not too discontinuous.” In particular, if fis bounded on
R, [that is, there is a constant M such that | f(x, y) | £ M for all (x, y) in R], and fis continuous there,
except on a finite number of smooth curves, then fis integrable over R.

The sample point (xi;,yij*) can be chosen to be any point in the subrectangle R, but if we choose it
to be the upper right-hand corner of R;[namely (x;, y;), see Figure 10.3], then the expression for the
double integral looks simpler:

m n

@ J] flx,y)dA = lim 2, Zf(,\, y;) AA

M=% =) j=|

By comparing Eq. (4) and Definition 5, we see that a volume can be written as a double integral:

If f(x,y) = 0, then the volume V of the solid that lies above the rectangle R and
below the surface z = f(x, v) is

flx, ¥) dA

<
Il
= —
—

The sum in Definition 5,

WAL

i=1j=1

is called a double Riemann sum and is used as an approximation to the value of the double integral.
[Notice how similar it is to the Riemann sum in (1) for a function of a single variable.]. If f happens to
be a positive function, then the double Riemann sum represents the sum of volumes of columns, as

in Figure 10.5, and is an approximation to the volume under the graph of f.



10.1.3 lterated Integrals

Suppose that fis a function of two variables that is integrable on the rectangle R = [a, b] x [c, d ].

We use the notation fcdf(x, y)dy to mean that x is held fixed and f (x, y) is integrated with respect
to y from y = cto y = d. This procedure is called partial integration with respect to y. (Notice its
similarity to partial differentiation.)

Now fcdf(x, y) dy is a number that depends on the value of x, so it defines a function of x:

d
Mm=ffmw@

If we now integrate the function A with respect to x from x = a to x = b, we get

f A(x) dx = r ff (x,y)dy | dx

a

The integral on the right side of Eq. (7) is called an iterated integral. Usually the brackets are
omitted. Thus

f) J‘df(x, y)dy dx = jb J:f!f(.r, y)dy | dx

1 C a

means that we first integrate with respect to y from c to d and then with respect to x from a to b.

Similarly, the iterated integral:

9] ‘! l‘h.f{.\‘. v)dxdy = .d .‘hf(‘r‘ y) dx | dy

means that we first integrate with respect to x (holding y fixed) from x = a to x = b and then we
integrate the resulting function of y with respect to y from y = c to y = d. Notice that in both Eq. (8)
and (9) we work from the inside out.

The following theorem gives a practical method for evaluating a double integral by expressing it as
an iterated integral (in either order).

Fubini’s Theorem If f is continuous on the rectangle
R={(xy) | asx<b c=<y=d} then

JJ fle,y) dA = IJ ‘[f!f(x- y)dydx = |i ff(-r, y) dx dy

) J
More generally, this is true if we assume that f is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.




In the special case where f(x, y) can be factored as the product of a function of x only and a function
of y only, the double integral of f can be written in a particularly simple form. To be specific, suppose
that f(x, y) =g (x) h (y) and R = [a, b] x [c, d]. Then Fubini’s Theorem gives

Hf (x,y) dA = ““' ': g(x) h(y) dx dy = I(" I:lj: Sh(y) d x] dy
R

W

In the inner integral, y is a constant, so h(y) is a constant and we can write

|:’ |:|: g(x)h(y) dx] dy = |(d [h(_\')(‘[j’ g(x) d.r):| dy = |j g(x) dx "" h(y) dy

. b . L . .
since fa g(x)dx is a constant. Therefore, in this case, the double integral of f can be written as the

product of two single integrals:

H g(x) h(y) dA = J‘: g(x) dx J:d h(y)dy  where R = [a, b] X [c, d]

Example 10.1

Find the volume of the solid that lies above the square R = [0, 2] x [0, 2] and below the elliptic
paraboloid z = 16 — x*— 2y?, as shown in Figure 10.6.

z=16—x?—2y?

e

Figure 10.6: Volume of the approximating rectangular boxes



Solution

Solving using iterated integrals — Method 1

Sum of volume = foz foz 16 — x% — 2y? dx dy

2 3 ]
=f [1635———2xy2
0 3 ]

Solving using iterated integrals — Method 2

2

2 2
Sum of volume = f f 16 — x% — 2y? dy dx
0 Jo

2 2
= f [163/ —x*y —zy®
0

= [5- 2x2]2 dx =[x -2

3
Both method based on iterated integrals give the same answer.
Example 10.2

Evaluate the iterated integral:

3 (2
f f x%y dy dx
0 Y1

Solution

Regarding x as a constant, we obtain:

27Y=2
x% =

2
2 =
flxydy >

y=1

dy
0
88 4y3]°
= —y—L = 48 unit3
3 3
. 0
2
] dx
0
2
] — 48 unit3
3 1o

22 12
— 22
“(3)(

Thus the function A in the preceding discussion is given by A(x) = %xz in this example. We now

integrate this function of x from 0 to 3:

3 2 37 (2 33
f _[ xzydydx=_[ U xzydy] dx=f —x?dx
0 J1 o L)1 0 2
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10.1.4 Average Value

We know that the average value of a function f of one variable defined on an interval [a, b] is:

1 b
fave sz f(x) dx
Similarly, we define the average value of a function f of two variables defined on a rectangle R to be:

1

fave = m Rf f(x,y) dA

where A(R) is the area of R. If f (x, y) 2 0, the equation:

AR) X fuve = [[ £y da

R

says that the box with base R and height fav. has the same volume as the solid that lies under the
graph of f. If z=f (x, y) describes a mountainous region and you chop off the tops of the mountains
at height fave, then you can use them to fill in the valleys so that the region becomes completely flat.
See Figure 10.7.

Figure 10.7: Mountainous region

10.2 DOUBLE INTEGRALS OVER GENERAL REGIONS

For single integrals, the region over which we integrate is always an interval. But for double
integrals, we want to be able to integrate a function f not just over rectangles but also over regions
D of more general shape, such as the one illustrated in Figure 10.8.
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Figure 10.8: Regions D



We suppose that D is a bounded region, which means that D can be enclosed in a rectangular region
R as in Figure 10.9.

Figure 10.9: Regions D enclosed in a rectangular region R

Then we define a new function F with domain R by:

Fx, y) = {f (x,y) if (xy)isinD

. o ) .. (12)
0 if (x, y)is in R but not in D
If Fis integrable over R, then we define the double integral of f over D by:
|| f(x.3) dA = || F(x,y) dA . (13)
D R

Where F is given by Eq. (12). Definition in Eq. (13) makes sense because R is a rectangle and so [ F
(x, y) dA has been previously defined. The procedure that we have used is reasonable because the
values of F (x, y) are 0 when (x, y) lies outside D and so they contribute nothing to the integral.

This means that it does not matter what rectangle R we use as long as it contains D. In the case
where f (x, y) >0, we can still interpret [[o f (x, y) dA as the volume of the solid that lies above D and
under the surface z = f (x, y) (the graph of f).

You can see that this is reasonable by comparing the graphs of fand F in Figures 10.10 and
remembering that ila F (x, y) dA is the volume under the graph of F.

Figure 10.10: Comparison between graphs of fand F



Figure 10.10 also shows that F is likely to have discontinuities at the boundary points of D.
Nonetheless, if f is continuous on D and the boundary curve of D is “well behaved”, then it can be
shown that [[z F (x, y) dA exists and therefore [[5 f (x, y) dA exists. In particular, this is the case for
type | and type Il regions.

A plane region D is said to be of type | if it lies between the graphs of two continuous functions of x,
that is,

D={(x,y) | asx<b, g:(x) <y<g2(x)}
where g1 and g; are continuous on [a, b].
Some examples of type | regions are shown in Figure 10.11.
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5 B D

y=aqx)

Y=agqix) |
|

|

|
y=aqx) |
|

IS
>
a
Q
~
>
-
a
IS
-
>
-

Figure 10.11: Examples of type | regions

In order to evaluate ﬁof(x, y) dA when D is a region of type |, we choose a rectangle R = [a, b] X [c,
d ] that contains D, as in Figure 10.12, and we let F be the function given by Eq. (12); that is, F agrees
with fon D and Fis 0 outside D.

Y V=¢,(X)

db=——

D '

cb—-— . |

| I y=g,(x)I
| I I
0 a X h X

Figure 10.12: Examples of type | regions

Then, by Fubini’s Theorem,

fff(x,y)dA= ffF(x,y)dA= fbde(x,y)dydx
. a Je

D
Observe that F (x, y) = 0 if y < g1 (x) or y > g2 (x) because (x, y) then lies outside D. Therefore,
g2(x)

fc Py = | b y)dy = [ rwmay

g1(x) g1(x)

10



because F (x, y) = f (x, y) when g1 (x) £y < g2 (x). Thus we have the following formula that enables us
to evaluate the double integral as an iterated integral.

If f is continuous on a type I region D such that

D= {(x, V]asxsb g()sys g:(x)} (14)

b g

flx, ) dydx

a g (0

then ﬂ fx,y) dA =
D

The integral on the right side of Eq. (14) is an iterated integral, except that in the inner integral we
regard x as being constant not only in f (x, y) but also in the limits of integration, gi(x) and gz(x).

We also consider plane regions of type Il, which can be expressed as:
D={(x,y) | cSy<d, hily) x< hy(y)} ... (15)

where h; and h; are continuous. Two such regions are illustrated in Figure 10.13.

YA
d—————

VA

xX=nh(y xX=hy(y l————
x=h(y) D v=h,(y) ¢

X=Nh(y) D X=hy(y)

=Y

0 0 X

Figure 10.13: Examples of type Il regions

Using the same methods that were used in establishing Eq. (14), we can show that:

-[ f(x,y)dA = J;dth(y)f(x,y)dx dy .. (16)
D

hy1(¥)

Where D is a type Il region given by Eq. (15).

11



Example 10.3

Evaluate [[p (x + 2y) dA, where D is the region bounded by the parabolas y = 2x*>and y = 1 + x2.

Solution
The parabolas intersect when 2x? =1 + x?, that is, x* = 1, so x = +1.

We note that the region D, sketched in Figure 10.14, is a type | region but not a type Il region and we
can write:

D={(x,y) | -1<x<1,2x*<y<1+x%

Figure 10.14: Region D

Since the lower boundary is y = 2x* and the upper boundary is y = 1 + x, Eq. (14) gives:

ff(x +2y) dA = f_ll Lsz(x + 2y)dy dx
D

x2

1
a2
= f_l[xy+y2]z=;;f dx

1
f [x(1+x%)+ (1 +x2)? — x(2x?) — (2x?)?]dx

-1
1

f(—3x4—x3 +2x% +x+ 1)dx=£
15

-1

12



10.2.1 Properties of Double Integrals

We assume that all the following integrals exist. For rectangular regions D, the first three properties
can be proved in the same manner. And then for general regions the properties follow from
definition in Eq. (13).

U [f(x,y) + g(x,y)]dA = J‘J‘f(x, y) dA + J] g(x,y) dA .(17)

J] cf(x,y)dA = ¢ ﬂ f(x,y) dA .(18)

where cis a constant. If f (x, y) 2 g (x, y) for all (x, y) in D, then:

H flx,y)dA = I g(x,y) dA .(19)
D

D

The next property of double integrals is similar to the property of single integrals given by the
equation:

[P F(x) dx = [€ f(x) dx + [* f(x) ax.

If D = D1 U D,, where D; and D, do not overlap except perhaps on their boundaries (see Figure
10.15), then

J.J. flx,y)dA = ” flx,y)dA + J.J Flx, y) dA
2 Dy D ..(20)

D

D, D,

Figure 10.15: Region D=D; U D,

Property in Eq. (20) can be used to evaluate double integrals over regions D that are neither type |
nor type Il but can be expressed as a union of regions of type | or type Il. Figure 10.16 illustrates this
procedure.

13



(a): D is neither type | nor type Il (b): D=D1U D, Dy is type |, D, is type Il
Figure 10.16

The next property of integrals says that if we integrate the constant function f (x, y) = 1 over a region
D, we get the area of D:

ﬂ 1 dA = A(D)

D

The last property states that:

If m < f(x,y) < M forall (x, y) in D, then

mA(D) < ﬂ f(x,y) dA < MA(D)

n

10.3 TRIPLE INTEGRALS

We have defined single integrals for functions of one variable and double integrals for functions of
two variables, so we can define triple integrals for functions of three variables. Let’s first deal with
the simplest case where fis defined on a rectangular box:

B={(x,y,2) | a<x<b,c<y<d r<z<s} ..(21)

The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] into /
subintervals [xi1, xi] of equal width Ax, dividing [c, d] into m subintervals of width Ay, and dividing
[r, s] into n subintervals of width Az.

The planes through the endpoints of these subintervals parallel to the coordinate planes divide the
box B into Imn sub-boxes

B = [xi -1, Xil X [yj -1, yi] % [2k -1, 2]

which are shown in Figure 10.24. Each sub-box has volume AV = Ax Ay Az.

14



Figure 10.24: Rectangular box

Then we form the triple Riemann sum:

I m n
Z Z z fCeijio Yijio Zijid AV 99

i=1j=1k=1

where the sample point (x{jx, Y{jk Zijx) is in Bjx. By analogy with the definition of a double integral,
we define the triple integral as the limit of the triple Riemann sums in Eq. (22).

Definition The triple integral of f over the box B is

" "

IBJ fley, 2)dV= ,,lrlT—»x 2_:, E, ‘E]f(.lux, Vi, 25 AV - (23)

if this limit exists.

Again, the triple integral always exists if f is continuous. We can choose the sample point to be any
point in the sub-box, but if we choose it to be the point (x;, y;, zx) we get a simpler-looking
expression:

m n

”J.f(x, y,z)dV =  lim E > > f(xi vi z)
B

.Ml H—)yf- |.J 1 k=1

15



Just as for double integrals, the practical method for evaluating triple integrals is to express them as
iterated integrals as follows:

(4] Fubini’s Theorem for Triple Integrals If f is continuous on the rectangu-
lar box B = [a, b] X [¢, d] X [r, 5], then

“'f (x.y,2)dV = | ‘I lll(\ y,z) dx dy dz ~24
B

The iterated integral on the right side of Fubini’s Theorem means that we integrate first with respect
to x (keeping y and z fixed), then we integrate with respect to y (keeping z fixed), and finally we
integrate with respect to z. There are five other possible orders in which we can integrate, all of
which give the same value. For instance, if we integrate with respect to y, then z, and then x, we

have
ff f,y,2)dV = fbfsfdf(x,y,z)dydzdx
B a r c

Example 10.4

Evaluate the triple integral Ml xyz? dV, where B is the rectangular box given by
B={(x,y,2z) | 0<x<1,-1<y<2,0<z<3}

Solution

We could use any of the six possible orders of integration. If we choose to integrate with respect to
x, then y, and then z, we obtain

=1
, B 3 r2 ,1 , B 3 (2 x2y22 x
xyz= dV = xyz© dx dy dz = > dy dz
A 0o /-1/0 0 /-1 x=

0
3 02 ,,,2 32,2 y=2
=ffy—dydz=f [y ] dz
0 -1 2 0 4 y=-—1
33,2 233
= —dz:—]
o 4 4 o
_27
4

16



10.3.1 Triple Integrals Over a General Bounded Region E

Now we define the triple integral over a general bounded region E in three-dimensional space (a
solid) by much the same procedure that we used for double integrals. We enclose E in a box B of the
type given by Eq. (21). Then we define F so that it agrees with fon E but is O for points in B that are

outside E. By definition:
ffff(x,y,z)dV = fff F(x,y,z)dV
E E

This integral exists if f is continuous and the boundary of E is “reasonably smooth”. The triple
integral has essentially the same properties as the double integral. We restrict our attention to
continuous functions f and to certain simple types of regions.

A solid region E is said to be of type 1 if it lies between the graphs of two continuous functions of x
and y that is:

E={xy,2) | (x,y) € D,uslx,y) <z<uax,y)}  ..(25)
where D is the projection of E onto the xy-plane as shown in Figure 10.25.

—A
2=, (X, )

z=u (x,y)

0

S

Figure 10.25: A type | solid region

Notice that the upper boundary of the solid E is the surface with equation z = us(x, y), while the lower
boundary is the surface z = ui(x, y). By the same sort of argument, it can be shown that if £ is a type 1
region given by Eq. (25), then

@ Jl.l. fx,y,2)dV = .L[ |:J::((:“]) f(x,y,2) dz] dA

.(26)

The meaning of the inner integral on the right side of Eq. (26) is that x and y are held fixed, and
therefore ui(x, y) and ua(x, y) are regarded as constants, while f(x, y, z) is integrated with respect to
z.

17



In particular, if the projection D of E onto the xy-plane is a type | plane region (as in Figure 10.26).

ZA

Z=1y(x, y)

0
a N
b y

Y=g

Figure 10.26: A type | solid region where the projection D is a type | plane region
Then
E= {(XI Y, Z) | a<x< bl gl(X) < yS gz(X), U1(X, y) <z< UZ(XI y)}

and Eqg. (26) becomes:

y:(x) v, v)

([ reeyzyav =" ["2""" fx,y.2) dz dy d 27)
;

If, on the other hand, D is a type Il plane region (as in Figure 10.27), then
E={(x,y,2) | cSy<d, hily) Sx < haly), ualx, y) S z< ualx, y)}

and Eq. (26) becomes:

d [hafy) ey, y)
[ w590/ [y dasar | on
£ A 1S
ZA
Z= (X, Y)
=
B | E z=1u(x, y)
&Lt
[r— : | x=h(y)
0 :\L‘J\#*d\»
/ | I ’/l | :
“x= hy(y)

Figure 10.27: A type | solid region with type Il projection

18



A solid region E is of type 2 if it is of the form:

E={(x,y,2) | (y,2) € D, ualy, z) S xS ualy, 2)}

where, this time, D is the projection of E onto the yz-plane (see Figure 10.28).

e
X=Us(y, 2)

X=1u(y, z)

Figure 10.28: A type Il region

The back surface is x = u1(y, z), the front surface is x = u»(y, z), and we have:

[t av-

Finally, a type 3 region is of the form:

."t{:(_\‘, z

Ju(y. z)

)f(x, v,z)dx | dA .(29)

E={(x,y,2) | (x,2) € D, ui(x, z) Ly < ua(x, 2)}

where D is the projection of E onto the xz-plane, y = ui(x, 2) is the left surface, and y = ux(x, z) is the

right surface (see Figure 10.29).

Y= 1,(X, 2)

Figure 10.29: A type Ill region

For this type of region we have:

M flx 3. 2) dv=ﬂ j(())f (6,3, 2)dy | dA 5y
E D

In each of Eq. (32) and (33) there may be two possible expressions for the integral depending on
whether D is a type | or type Il plane region (and corresponding to Eq. (27) and (28)).

19



Example 10.5

Evaluate
ﬂ-f xy?z3dx dy dz
U

where the region U (Figure 10.30) is bounded by the surfaces z=xy,y=x,x=0,x=1,z=0.

ZA

B

Figure 10.30

Solution

The projection of the solid region U onto the xy-plane looks as shown in Figure 10.31. Taking this
into account, we find the corresponding iterated integral:

YA

D(x.y)

o
—
<Y

Figure 10.31

1 x xy
I=_foyzz3dxdyd2=f dxf dyf xy?z3dz
0 0 0
Z=xy 1 x 4.4
x x
fdxfdy[(yz> ]:fdxf <xy2 y)dy
z=0 0 0 4
1 r? x 1 r? 5.7\ |7=%
z—fdxfxsdeyz—fdx (xy)
4], ), 4], 7,

_1f15X7d 1112d_1x 1
), 7™ 28 *T28\13)| T28 13
1
364
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10.3.2 Application of Triple Integral

Triple or volume integral has important real-world application which can be applied in various
scientific and engineering matters. In this section, we will discuss some of the application examples.

The most obvious usage of triple integral is to find the volume of a space confined within 3
dimensional boundary.

Example 10.6
Find the volume of the tetrahedron defined by x 20,y >0, >0andx+y+z < 1.

Solution

planex+yv+z=1

linexv+y=1,
Figure 10.32
For the tetrahedron shown above, its volume is:
x=1 y=1z=1-x-y
V = f 1dzdydx
x=0 y=0 z=0
1y=1-x

f 1-x—-y)dydx
=0

=

I
R %
&

=
N| = <

1
1—x)%dx =—
(1—-x)"dx G

8
1]
o

10.4 FINDING MASS AND CENTER OF MASS

Here, we will explore on how to find the mass, center of mass and moments of inertia using double
integrals for a lamina (flat plate) and triple integrals for a three dimensional object with variable
density. The density is generally considered to be a constant number when the lamina or the object
is homogeneous; that is, the object has uniform density.

Refer to moments and centers of mass for the definitions and the methods of single integration to
find the center of mass of a one dimensional object (for example, a thin rod). We are going to use a
similar idea here except that the object is a two-dimensional lamina and thus, we use a double
integral.

. . _ M . . .
For a constant density function, then x = ;y andy = % give the centroid of the lamina.
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10.4.1 Mass

Suppose that the lamina occupies a region R in the xy-plane and let p(x, y) be its density (in units of
mass per unit area) at any point (x, y). Hence:

Am

Pl ) = lim Ty

where Am and AA are the mass and area of a small rectangle containing the point (x, y) and the limit
is taken as the dimensions of the rectangle go to O (see Figure 10.33)

y
*.¥)
Lamina
Mass = Am
Area = AA
0 X

Figure 10.33: The density of a lamina at a point is the limit of its mass per area in a small rectangle
about the point as the area goes to zero (0).

We divide the region R into tiny rectangles R; with area 4A and choose (x;‘j, yi*j) as sample points.

*

Then the mass mj of each R; is equal to p(x;j, yf"j)AA (Figure 10.34). Let a and b be the number of
subintervals in x and y respectively. Note that the shape might not always be rectangular.

¥y
&Ry Ry

Figure 10.34: Subdividing the lamina into small rectangle R; each containing a sample point (x{‘j, yl-*j)

The mass of the lamina:

a

a b
m= Jim DD i = m D> el )sa = | ptnad

i=1j=1 i=1j=1

22



Example 10.7

For a triangular lamina R with vertices (0, 0), (0, 3), (3, 0) and with density p(x, y) = xy kg/m?, find the

total mass.

Solution

Figure 10.35: A lamina in the xy-plane with density p(x,y) = xy

We can find mass, m using:

m=ffR dm=.UR p(x,y)dA

x=3 ry=3 x=3 yz
= f f xy dy dx = f X—=
x=0 Jy=0 x=0 2

9x? s x*

= ——x —

4 8

x=0

y= x=3 1
dx = f Ex(3 —x)%dx
y=0

x=3

27
The mass, m = ? kg
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On the other hand, for a mass of a matter bounded by V' with density of p(x, y, z) at point (x, y, z)
can be calculated asm = [ff p(x,y,2) dzdy dx (or [, p(x,y,2) dV (with appropriate limits)).

Example 10.8

400

pan /| _— Y
A0
100 /
A

Figure 10.36: Water reservoir

|

A water reservoir shown above has the width of x = 100 m, length of y = 400 m, and the depth of
the reservoir is given by z = 40 — y/10m.

The density of the water can be approximated by p(z) = a — b X zwherea=998kgm™3 andb
=0.05 kg m~* i.e. at the surface (z = 0) the water has density 998 kg m~3 (corresponding to a
temperature of 20 °C while 40 m down i.e. z = -40, the water has a density of 1000 kg m™3
(corresponding to the lower temperature of 4 °C. Find the total mass of water in the reservoir.

Solution

The mass of water in the reservoir is given by the integral of the functionp(z) = a — b X z. For
each value of x and y, the limits on z will be from y/10 — 40 (bottom) to O (top). Limits on y will be
0 to 400m while the limits of x will be 0 to 100m. The mass of water is therefore given by the
integral:

100 400

xfo yf f (a—bz)dzdydx

z———40

This can be solved as follow:

100 400
= f f [az——z] dy dx
z———40
x¥=0 y=0

100 400

f f —a ——40) é(1y—0—40) dy dx
x=0 y=

100 400

b
_[ _[ 40a——y+200y2—4by+800b dy dx
x=0 y=
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100 400

b
40ay — — —y3—2b 800b d
f [#00y — 557 + 5" — 2" + o
x=0
100
320000
= f 16000a — 8000a + b — 320000b + 320000b dx
x=0
100
320000 320000 1100
= f 8000a + b dx = |8000ax + bx]
x=0
x=0

< 32 5, 016
=8x10% +—-x 107b = 7.984 X 10° + ——x 10

= 7.989 x 10° kg

So the mass (m) of water in the reservoir is 7.989 x 108 kg.

10.4.2 Center of Mass

Now that we have the expression for mass, we can find moments and centers of mass in two
dimensions. The moment M, about the x-axis for R is the limit of the sums of moments of the
regions Rj about the x-axis. Hence:

b a b
E(yi})mu = algrgmzx(yfj)p(xij{})AA = f j yp(x, y)dA
- ’ > . R

j=1 i=1j=1

= lim

kbam

=

N
Il
ey

Similarly, the moment M, about the y-axis for R is the limit of the sums of moments of the regions R;
about y-axis. Hence:

a

My ab_) Zzb:( xij)mij = a}gfﬂmZZ("u)P(’fuJ’u)M _U xp(x,y)dA

i=1j=1 i=1j=
To find the center of mass (%, ¥), the following expressions can be used:

M, [, ptx,y)xdA and M, [f, plxy)yda
X =—= y = — =

mo |l p(x,y)dA moff, p(x,y)dA
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Example 10.9

Consider the same triangular region R (as in Example 10.8) with vertices (0, 0), (0, 3), (3, 0) and with
density p(x, y) = xy kg/m?.

Find center of mass.

Solution

Using the formula,

My, [ pl,y)xdA 81/20 6

== _ _6

mo ([ p(xy)da 27/8 5
= _ % _ ffR p(x,y)y dA B 81/20 _9
T [f, pC,yyaa  27/8 5

6 6
Thus, the center of mass is (E ) E)

For three dimension, the expressions for the center of mass (¥, ¥, Z) of a solid of density p(x, y, )
are given below:

[ p(x,y,2)xdV

=
Il

[p(x,y,2)dv

;= [pCx,y,2)ydv
Jp(x,y,2)dv

. [p(x,y,2)zadv
~ [p(x,y,z)av

If p does not vary with position, these simplify to:

f:fde 3_I:fde S
[av [av
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Example 10.10

A uniform tetrahedron is enclosed by the planesx = 0,y = 0,z = Oandx + y + z = 4. Find
the volume and the position of the center of mass.

Solution

The volume integral of tetrahedron

X
f f(x,y,z)dzdy dx

4 4-x 4 4-x
- [ [z ayar = [ [ @-x-yayax
x=0y=0 x=0y=0
4 L b 4
= f[4y —xy——yz] dx = f[8—4x+—x2]dx
27 |
x=0 x=0

Then, we calculate [ x dV as follows:
4—x4-

4 x—
deV= -[ -[ x dzdy dx

x=0y=0 z=0

y

4 4-x
[xz]‘;g_y dydx = f [((4—x— y)—0]dydx
y=0 x=0y=0

4—x

S

X

4
1

f [8x—4x2 +Ex3 dx

Zo

X

4
1 4-x

= J[4xy—x2y——xy2] dx =
=0 2 y=0

X

—[42 43+1 4]4—64 256+32—32
T3 T, T 3 E
Thus, X = [xdy =223 _

fav 32/3

By symmetry (or by evaluating relevant integrals), it can be shown thaty = Z = 1 i.e. the center
of massisat (1,1, 1).
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Example 10.11

Find the center of mass of a solid of constant density that is bounded by the parabolic cylinder x = y?

and the planesx=2z,z=0,and x = 1.

Solution

The solid E and its projection onto the xy-plane are shown in Figure 10.32.

Y4

Figure 10.32

The lower and upper surfaces of E are the planes z=0 and z = x, so we describe E as a type 1 region:

E={(xy,2)|-1<y<1y?<x<1 0<z<x}

Then, if the density is p(x, y, z) = p , the mass is:

1,1 ,x
m=fffpdV= f f fp dz dxdy
A -1Jy2Jo

1 1 1y2 x=1
=pf fxdxdy=pf [—] dy
-1 yZ -1 2 x=y2

,D 1 1
=§f (1—y4)dy=pf(1—y4)dy
-1 0

5 5

1
_[ vl 4p
=p

0

Because of the symmetry of E and p about the xz-plane, we can immediately say that My, =0 and

therefore y = 0. The other moments are:
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1 ,x
My, fffxpdlf ffzfxpdzdxdy
y
1 (1 1[,371%1
=pf fxzdxdy=pf [—] d
-1 yZ -1 3 x:yz
2p (1 6 20[  y']'_4p
—?fo(l—}’)dJ/—? Y- ==
0
1 ,1 ,x
M"y:_Uprdef f fzpdzdxdy
fa -1Jy2Jo
1
—pf f [ ] dxdy == ffx dx dy
1/y? y?

1
p 2p
== 1—-9%)dy =—
3 fo (1=y?dy =~
Therefore, the center of mass is:

(Y; y; E) = (Myz ) sz ’ Mxy) = (E 0 i)

10.4.2 Moment of Inertia
The moment of inertia I of a small particle of mass m is defined as

I = Mass X Distance? or] = md?
where d is the perpendicular distance from the particle to the axis.

This concept is extended to a lamina with density function p(x, y) and occupying a region D by
proceeding as we did for ordinary moments. We divide D into small rectangles, approximate the
moment of inertia of each subrectangle about the x-axis, and take the limit of the sum as the
number of subrectangles becomes large. The result is the moment of inertia of the lamina about the
X-axis:

n—>0 a
m. i=1 j=1

L= lim 3% (ifel, i) ad=[[ ey dd
D

Similarly, the moment of inertia about the y-axis is:

m, %= .

i=1 J=

I,= lim E 2 (%) p(xi, yij ) AA = ﬂ Xp(xy) dA  .(32)
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It is also of interest to consider the moment of inertia about the origin, also called the polar
moment of inertia:

h=tim 33 (67 + Gl et ad = [[ 2+ e dd (33

i=1 j=1

Note that lo = Ik+ I,

Example 10.12

Find the moments of inertia for the triangular region R with vertices (0, 0), (2, 2) and (2, 0) and with
density p(x, y) = xy.

Solution

Using the expressions for the moments of inertia,

X=2 py=x 8
I = ﬂ y2p(x, y)dA = f xy* dy dx = 3
R x=0 “Yy=0 3

xX=2 ry=x
16
I, = ff x2p(x,y)dA = f x3ydydx = —
R x=0 Jy=0 3

2 ry=x
Iy = Jf (x2+y*)p(x,y)dA = f f (x*+y)xydydx=1.+1,=8
R 0 Jy=0

To find the Moment of Inertia of a larger object, it is required to do a volume integration over all
such particles. This will be covered in the following week.
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