VECTOR ALGEBRA I

WEEK 4: VECTOR ALGEBRA 11

4.1 PRODUCT (MULTIPLICATION OF TWO VECTORS)

There are two types of product of vectors.

- gives a scalar as the dot product of two - gives a vector as the dot product of two
vectors vectors
- also known as scalar/inner product - also known as vector product

4.1.1 Dot Product

Definition

The dot product g. b (read “g” dot “b”) is defined by:
a.b=|allblcosf,0<0<m

Where 8 is the angle between g and b; 6 is measured when the vectors have their initial point coinciding.

Proof:
Law of Cosines: |a — b|? = |a|? + |b|?> — 2|a||b|l cos 8 -—--(a) P
la —bl*> = (¢ = b).-(¢ — b)
= la|2 - 2a.b + bI? — (b) a-b
So when Egn. (a) = Eqn. (b), b
lal? — 2ab + |b|*> = |al® + |b|* — 2|al|b| cos 6 8 4
g >2ab + 1> =4al* +.41%% 2lal|b| cos 6 a
a.b = lallbl cos 6 5 i
Properties of the dot product of vectors
Let g and b be two vectors and let a be a scalar. Then
i. ab=b.g (commutative law)
i. aMb+c)=ab+ac (distributive law)

Q

(b.c¢) = (ab).corb.(ac) where a is a scalar

iv.  The dot product of two vectors (i.e., @. b) is a scalar.
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Orthogonal vector (Also known as perpendicular or normal vector)

We have dot product,a. b = |al||b| cos 8, orthogonal vector has g¢.h = 0
Toletg.b =0, (i)gorb are zero vectors
(ii) @ and b are orthogonal vectors (g L b), because 8 = 90°%cos8 =0

i.e.,inthe3Dsystem,i L j,j L k,iLlk,therefore the dot products between them are zero (i.e.,i.j =0;

j-k=0andk.i =0)

Parallel Vector
We have dot product,a. b = |g||b| cos 6, parallel vector has @.b = |a||b|

Toleta.b = |al||b|, we need to have 8 = 0°%cos8 =1

(i) Dot product of two similar vectors g.a = |g|?

|2

T

2or|b|" =1

=)

(ii) Dot product of unit vector @.l:) = |
i.e., in the 3D system, i,j,k are unit vectors, therefore the dot products between them are one
(i.e.,i.i=1;j.j=1andk.k =1)

Dot product in coordinates
Letg = aii+ a,j + azkand b = byti + byji + b3k

Then, gb = albl + azbz + a3b3

Proof:
ab = (aj +a,j +ak).0i +b,j +bk)
=ap, (i) + ap4T) + abgl) +
a/br@ﬁ+a2b2(i.i)+W+
apdkd) + ab, k) +ab;(kk)

=ab +ap,+ap,

Exercise

(i) Leta = a;i + ayj + azk and b = byi + byj + bzk, what is the results for the following dot product?
(a) ai+bj+ab+ab+ba
(b) a;.i+by.j+aszk

(©) a.i.a;+b.j.by+a.b.ij+abk+babkk
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(i) Leta =(1,2,3)and b = (2,0,4). Find
(a)a.b

(b) the angle between g and b

(iii) Leta =(2,—1)and b =(—1/2,1/4). Determine if the following vectors are parallel, orthogonal or

neither.

Projection of vector

Let g and b be two nonzero vectors and let @ be the unit vector in the direction of g.

Q

Then the projection of b onto g is defined as b.d = Ig.l—

The component of bin the direction of g is defined as (b. @)a&

Q

. . A ‘ nr
Geometric Interpretation /

Let the angle between the vectors b and i be 6 4
o - m e e

~

Then, the projection of bontoi=b.1
= |bl[{] cos 6

= |b| cos 6 |Z| =1

= ON = the length of the orthogonal projection of b on a straight line parallel to
The component of b in the direction of i, (b.1)i

= (lblcos8)1 ~ 1= (both also unitvector)

—

=0ON

— —
Note: ON is parallel to i. The projection of b onto i takes the negative sign if ON is in the opposite direction

of i and vice versa.
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Theorem
If g is a given vector, then any vector b (i.e., b = by + b,) can be expressed as the sum of a vector parallel

toga (i.e., b, ||ab; Il @) and a vector perpendicular to g (i.e., b, Il g).

M
0 b
') 6’ >S>>>>> 3 g 'f?z
a O "» 'N
Proof
—_— _— —
From the diagram, OM = ON +NM e (a)

—_— P
Previously we got ON= (b.1)i for projection of vector b onto vector i

—
In this case, ON= (b.&)a for projection of vector b onto vector g

ba

Q

b.a -

ON=(b.@)a = (ZH L& = 2%, = 2. OM=b: (b)
> — — b.a
Thus, NM = OM — ON =b — (ﬁ) a (c)

Subs. Egns. (b) and (c) into Eqgn. (a):

.a
b=(CF>)a+{b—(>)a
b=Ca+b-C e
billa byla
Exercise
letg=3i—jandb=2i+j — 3k
(a) Find the projection of b onto g
(b) Find the projection of g onto b
(c) Express the b as the sum of a vector parallel to @ and a vector perpendicular to g for case (a)
(d) Express the g as the sum of a vector parallel to b and a vector perpendicular to g for case (b)
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4.1.2 Applications of dot Product in Geometry

We can use dot product to find the line equation and extend it to plane equation. Besides, we will use it to
find distance between point-line, point-plane, parallel-lines, parallel-planes. Furthermore, we can use it to

find angles between intersecting lines and intersection planes.

(a) The equation of line (2D) and plane (3D) perpendicular to a given vector

(i) Equation of line

Let Lbe a line passing through to the point Py(xo, yo) and perpendicular to the vector n = ai + bj. Let

P(x,y) be any point on the line L.
Aitrary Pant, P Lirel
Kiown Poirt, P — y
0, 2
e
normal vector, n 0 x
Then the vectorP, P is along the line L and hence P,P 1L n
So, (BP)n=0
>> (OP-OR).n=0or (p-p,)n=0

>> (%1, 1) (oo Yo )}-(ai +B) = 0
>> a(x-x,)+b(y-y,)=0
>> ax +by = ax, +by,

>>ax+by=c, where ¢ = ax, +by,is a scalar.
This is known as Cartesian equation of the line L (for 2D space use only).

Note: The components of n are the coefficients of the line equation, a and b. From the Cartesian equation,

we can know the information of the vector normal to the line, n.

Additional remarks: Note that the Cartesian equation of line L is restricted for plotting 2D line only. We need

to use Vector or Parametric Eqn. of line L learned in Section 4.1.3 for both 2D and 3D line plotting purpose.
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(i) Problems of 2D line in Cartesian form

(ii) Problems of 3D plane in Cartesian form

. Find the Cartesian equation of a line
passing through a given point and normal

to a given vector

oy liel
ity g

‘lfﬂf'ﬂh’n’! vector

1.Find the Cartesian eguation of a plane
passing through a given point and normal

to a given vector.
T Paes _l_'hnz'f_
o i~
Vorarmal vector

. Find the distance from a point to a line
¥

.'1 shortest distance
@

2.Find the distance from a point to a plane

N

o) ™
\ __\ shortest distance

. Find the distance between two parallel
lines P
Lisel o _
™\ shortest distance
"'.I._ineL:

3.Find the distance between two parallel

. Find the angle between two intersecting
lines

L N
s shortest distance
N
4.Find the angle between two intersecting

plane [/~ ;" normal vector of S,
nermal va:'tar}f S, P‘Lme s

. ‘K Plage S,

NS

(i) Equation of Plane
Let S be a plane passing through to the point Py(xg, Vo, Zo) and normal to the vectorn = ai + bj + ck. Let

P(x,y,z) be any point in the plane S.

Then the vector Py P is in the plane S and hence PyP 1 n.

27



So, (P;P).gg =0

>> (OP-OB).n =0 or (p-p,).n=0

>> {(x2, 37, 2k) = (%1, ¥ > 2,k) - (ai + b + ck) =0
>> a(x-x,) +b(y-v,) tb(z-2,) =0

>> ax+by+cz=ax, +by, +cz,

>>ax+by+cz=d, where d =ax, +by, +cz,is a scalar.
This is known as Cartesian/plane equation of the plane S.

Note: the components of n are the coefficients of the plane equation, a, b and c. From the Cartesian/plane

equation, we can know the information of the vector normal to the line, n.

Precaution: You might think single equation such as ax + by + cz = d would be the general equation of a line
in 3 dimensions. However, such an equation defines a plane in R3, which geometrically is a flat surface which

carries on forever in the space.

In 2 dimensions the orthogonal vector is unique and | In 3 dimensions, a vector has infinitely many
forms a unique 2D line. orthogonal vectors, which sweep out around it
forming a plane.

Think: So how is a line defined in 3 dimensions? You will learn this after knowing the cross product.

Exercise:
(i) Find the Cartesian equation of the line Lin the plane passing through the point A(2,3) and

perpendicular to the vectorn = ¢ — 3j

(i) Find the Cartesian equation of the plane Spassing through the point A(1,1,—1) and normal to
thevectorn = —2i + 2j — 5k
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(b) The Distance from a Point to a Line or to a Plane

(i) Distance of point-to-line

Let L be a line with the Cartesian equationax + by = c and let P be a point on the line L. From the Cartesian

equation of the line L, the vectorn = ai + bj is perpendicular to L.

Arbitrary Poirt, P .
Line
) @
B!
@ ‘ T
Kiiown Poir, P shortest distance
Y
]GmnPdrr,Q
y
O x
Previously you learnt the projection of b onto g is defined as b. @ = b'l%l
H
Thus, distance of point Q to the line L = projection of the vector PQ onto the vector n
— — n
- |PQ 4l = |Pg in

(ii) Distance of point-to-plane

Let S be a plane with the equationax 4+ by + cz = d and let P be a point on the plane S. From the Cartesian

equation of the plane S, the vectorn = ai + bj + ck is normalto S.

Then, the distance from the point Q to the plane S is the projection of the vector P—Q) onto the vector n.

. . Linel
Distance point Q to the plane S Plae S
Krown Poirt, P o
e
n
ey d 4 normal vector,n
=|Pd.4| = |Pd .
|Pd.7| = PG m ¢ )
~ Krown Poirt, ()

¥
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Exercise:

(i) Find the distance from the point Q (4,4) totheline L:x+3y =6

(ii) Find the distance from the point Q (3,2,—1) to the plane S: —2x+ 3y —z =2

(c) Distance between two parallel lines or two parallel planes

(i) Distance of two-parallel-lines

The projection method is also used to find the distance between two parallel lines L;and L,. Let us choose
one point P from the line L;and another point Q from the line L.

For two parallel lines, the perpendicular vectors, n;and n, forlines L, and L, are equal: n; = n, = n.

o ’31

P "2

0

—
Distance between parallel lines L; and L,=|PQ.

Elz:

shortest distance

(ii) Distance of two-parallel-planes

The projection method is also used to find the distance between two parallel planes S;and S,. Let us choose

one point P from the plane S;and another point Q from the plane S,.

For two parallel planes, the perpendicular vectors, n;and n,
for planes S;and S,are equal: ny = n, =n. Plae S
~ ~ ~ P? 1
. — n :\l IJ
Distance between parallel planes S;and S,= [PQ ﬁ n :\“J ’,?1
n I .
- TN shortest distance
! \‘ ;32
O 4@
Plane S,
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Exercise:
(i) Find the distance between line L1: x + 3y = —2 to thelineLi: x +3y =6

(ii) Find the distance between plane S;: —2x + 3y — z = 2totheplane S,: 2x — 3y 4+ 2z = —-15
(iii) Find the constant distance between plane S;: —2x — 3y — z = 2to the plane S,: —2x+3y — z =

15 if exist/possible.

(d) Find the angle between two intersecting lines or two intersecting planes

(i) Angle of two-intersecting-lines

Let L; and L, be two lines with the perpendicular vectors, n;and n,, respectively. If L; and L, intersect, then

N /

. A} n B
the angle between L, and L, is equal to angle between . (R ~
Le, 0 6
A ,.'
riland riz. \/‘\-'
: \A}v)\ )
Therefore, n,.n, = |n4||ny| cos 6 LincZ, N
oL ~ e . .
nl.nz ‘_.'J \J\
0 =cos 1 —"—— E
nqy|ny \\\

(i) Angle of two-intersecting-planes

Let S;and S, be two planes with the perpendicular vectors, nyand n,, respectively. If S;and S, intersect,

then the angle between S;and S, is equal to angle between n;and n,.

Therefore, ny.n, = |n4| [n,| cos 6
! ~1 ~2 ~1 ~2 normal vector gf 5,
n..n normal vector af’ & B Plre §
1 ~1 ~2 /-'"‘“-- |
0 =cos™ T——
ny| (N2
Mate 5,

Exercise:

(i) Find the angle between the lines L1: 3x — 6y = 15and L,:2x +y =5

(ii) Find the angle between the planes S; : 3x —6y — 2z =15and S,: 2x +y— 2z =15
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4.1.3 Application in geometry: Equations of lines in 2D and 3D spaces

Problems in space (in 2D and 3D space)

1. Find the equation of a line passing through a given point and parallel to a given vector (all in 2D &
3D space).
2. Determine whether two lines intersect in three dimension space and find the point of intersection

if they intersect.

(i) Definition (Equation of a line in 2D or 3D space)

———)
Let L be a straight line passing through the point A and is parallel to a given vector v (i.e.,AR ||v). Suppose

that R(x,y) or R(x,y, z) is any point on L. Find the vector equation, parametric equation and Cartesian

equation of line L.

R(x,y) or R(x,y,z2)

Line L
r
0]
(a) Vector equation of line
— —
(i) Let (OA) = a and (OR) = r be the position vectors of A and R respectively.
___)

_)
(i) Since(AR ||v), then AR) = tv, where t € R.
Note: as t changes, we have all the points on the line L.

(iii)  Now following head-to-tail method, Ee’ = ﬁ + ﬁ

Then, we getr =a + tv (1)

This is called the vector equation of the line L.

The vector v is called a direction vector of the line L.

Note: The Eqgn. (1) can be applied for problem in 2D or 3D space. Since the computation and derivation for

2D and 3D space are similar. We will give the example in 3D one for the demonstration.
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(b) Parametric equation of a line in 2D and 3D space

Now, let position vector of an arbitrary point on line L, r = xi + yj + zk, position vector of a point passing

through line L, @ = a4i + a,j + azk and direction vector parallel to line L, v = v4i + v,j + v3k

From Eqn. (1) we have

r=a+ty >>(x,y,z) =(a,,a az) + t{vy, v,,v3)

X aq V1
>> <y> = (Clz) + t (Uz> (Matrix form of vector equation of line)

o \z/. as U3
Point at time t Initial Point  Direction Vector

By comparing the components of i, j, and k, we have

r=(xy,2)
X = al +t171
V=02 FEU2},T € R ottt sttt b bbb e b st (2)

z=asz+tvs

This system of equations (2) is called the parametric equations of the line L .

The variable/scalar t is called the parameter of the system of equations.

Note: The Eqgn. (2) can be applied for problem in 2D or 3D space in the same manner.

(c) Cartesian equation of a line in 2D and 3D space

By equal the parameter t in the Eq. (2), we have

R (3)

V1 V2 V3

The Eqgn. (3) is called the Cartesian equation or symmetric form of the line L.
Precaution Zero denominator leads to zero numerator as shown in Eqn. (3).

Proof: From Eqn. (2), if vy = 0, then x — a; = 0. This also apply to v, and v;.

(ii) Intersection between a line to a plane or between two lines

(a) Intersection of a line to a plane
If we know the information of a plane and the line equation are given either in format of Vector

Egn./Parametric Eqn./Cartesian Eqn., for example:
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Information of a plane

(i) The line intersects at a specific plane, i.e., yz-plane at coordinate (x,y,z) = (0,y,z)

ye- plane - R(¥,2)
J Line L

Let say Parametric Eqn. have been derived from a given information of point A passing through

the line, and the vector direction of the line L, v are given as well. Then, we can use Parametric
X = al + tvl

Eqn.y = a; +tv,},t ER  to solve for t,y and z.
Z = 04z + tvz

Then the point of intersection at yz-plane, (0, y, z) can be obtained.

(ii) The plane of egn. of the intersection planeis given, i.e.,ax + by +cz =k

The step is similar to procedure above. Given the a, b, ¢ and k, substitute the Parametric Eqn.

into the eqn. of intersection to solve for t. Then, you can get the point of intersection (x, y, z) by

substitute t into Parametric Egn.

Precaution: There are three possibilities of the intersection: (i) line intersects the plane in a point;
(ii) line is parallel to the plane (no point of intersection); (iii) line is in the plane.

Note: You will know how to derive the equation of plane after you learn about product of vectors.

(b) Intersection between two lines

Let us have line Ly : 13 =(x1,V1,21) ={aq,ay,a3) + t{v1,V5,v3) and line Ly : 15 = (X5, ¥2,23) =
(by, by, b3) + s(uq,uy,uz) where t and s are the parameters, @ = (aq,a,,az), b = (b, by, b3) are the
position vectors specified at line L; and L, respectively. v = (vy,v,, v3),u = (U, Uy, uz) are the vectors

parallel to line L; and L.
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If the line L1 and line Lz intersect each other, then:

n=n

X1 =Xy >>aq +tvy = by + sy, (a)
Vi = Yo >>a, +tvy, = b, + su, (b)
7y = 2, >> asz + tvg = by + sus (c)

This means that all the three Eqns. (a), (b) and (c) must be satisfied if the two lines L; and L, are intersecting
with each other. In the other words, if the parameter t obtained from Eqn. (a) and parameter s obtained

from Eqn. (b) will not satisfy Eqn.(c) if there is no point of intersection.

It intersection exist, the point of intersection is as following:

(xl =X2,Y1 =Y2,Z1 = Zz) or ((a1 + tvl), (az + th), (a3 + tV3)) or (b1 + Suq, bz + SuZ,b3 + SU,3).

(i) Linear combination and linear dependence

(a) Linear combination

A linear combination of two or more vectors is the vector obtained by adding two or more vectors (with

different directions) which are multiplied by scalar values.

144 aa
242

V=a1q1 + aza; tazazt...tapdy
(b) Linear dependent

Vectors are linearly dependent if there is a linear combination of them that equals the zero vector, without
the coefficients of the linear combination being zero.

a1aq + aya, + azaz+...+a,a, = 0, where scalar aq, a3, a3,...,a, # 0

Note: The vectors are linearly dependent if the determinant of the matrix is zero, meaning that the rank of
the matrix is less than its full rank.

(Hint: In a matrix system, zero determinant helps to indicate an infinite or no solution system)
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la; +a, +az+...+a,| =0|a; +a, +az+...+a,| #0

(c) Linear independent

Vectors are linearly independent if none of them can be expressed as a combination of others

a1a1 + aya, + azaz+... +a,a, = 0, where scalar aq, ay,as,...,a, # 0

Note: The vectors are linearly dependent if the determinant of the matrix is non-zero, meaning that the rank
of the matrix is equal to its full rank.

(Hint: In a matrix system, non-zero determinant helps to indicate a unique solution system)

4.1.4 Cross Product
(a) Definition

oun

The cross product axb (read “a” cross “b”) of two nonzero vectors g and bis defined by

axb = |a||b| sin6 n
| ——
scalar
ad||n

where
(i) the angle 8 between @ and b

(ii) vector n is parallel to direction of gxb and it is perpendicular to both

vectorsg and b (i.e.axb L gandand axb 1 b) ¢ 0 b

(b) Properties of the cross product of vectors

Let g and b be two vectors and let a be a scalar. Then
i. axb = —bxa (Anti-commutative Law)
i ax(b + ¢) = (axb) + (gxc) (Distributive Law)
iii. a(axb) = (aa)xb = gx(ab) where a is a scalar
iv. The cross product of two vectors (i.e., axb) is a vector.

Precaution: The cross product cannot function between scalar and vector (i.e., 3 x b or (g¢.b) x c or
(a.b).(c.d) x (e)

(c) Orthogonal vector (Also known as perpendicular or normal vector)

We have cross product,axb = |a||b| sin 6 n, orthogonal vector has axb = |a||b| n

To let axb = |a||bln, we need to have 8 = 90°sinf =1
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(i) g and b are orthogonal vectors (g L b)
(ii) Cross product of unit vector @xb = |d||b|n = n (where mag. of unit vector =1)

i.e., in the 3D system, i,j,k are unit vectors where i 1 j,j L k,1 1 k, therefore the cross product

between them are the vector normal to its plane (i.e., ixj =k ; jxk =i and kxi = j). This

follows right hand rule and system as following:

Proof: l

b =k ixj =k AN
. ~ J<—

xi=—k - ~

= i

Thus, ixj = —jxi ~

Apply this to other axis we get:
jxk =ior —kxj

kxi = j or — ik

Remark:
i. axb = —bxa
i (axb)xc # ax(bxc)

(d) Parallel vector
We have cross product,axb = |a||b| sin 8 n, parallel vector has gxb = Q whereg & b # 0
To let gxb = 0, we need to have 8 = 0°or 180°% sin6 =0

(i) Cross product of two similar vectors axg = ( -—-(ifga=b ~6=0)

(ii) Cross product of two parallel vectorsgxb =0 - (ifallb ~68=0orm)
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(iii) Cross product of two parallel unit vectors @xb =0 - (if@ll b ~ 6 = 0 or m)
i.e,inthe3Dsystem,illi& —i,jllj& —j, kIl k& —k, therefore the cross product between

them are zero (i.e., ixi = 0; jxj = 0 and kxk = 0)

Exercise:
(i) Does (a) What are the reason for (gxb) = 0?

(b) axb = axc

>> (If vectors a # 0,b # ¢, a # (b — ¢) find the relationship between these vectors)

(e) Cross product in coordinates

Let a= (ayi + ajj + azk) and b= (b,i + b,j + bsk)

ij ok

Then (axb) = (a1 az az| = (azbz —azby)i — (a1b3 — azby)j + (a1b, — a;by)k
by by bs

Proof:

(axb) = (a,i +a,j +ak)x(bi +b,] +bk)
= (apixi +(ab,)ixj +(ap,)ixk +
(@0) jxi + (@K + (@) jxk +
(agh, )KXi + (3gh, )k + (B lakk +

=i(aby-ap,)+ J;(apl -ab,)+k@bp,ab,)
Kk

i
=@, a, ag
b,

by

3
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(f) Projection of vector

Previously we learnt that for the projection of vector b onto 1 using dot product, b. i

=o/[ffcose

a A T N1
:‘p‘cose o =1 /
= ON = the length of the orthogonal projection of ﬁ
b on a straight line parallel to 1 - ‘7\’" ---------

7

Now we extend it for the projection of vector b ontoz
wherej L i
Then, the projection of h onto j = b ]:
= |b| |2| sin 6
= |b| sin8 |j| =1 (1)

= NM = the length of the orthogonal projection of b on a straight line perpendicular toz

The component of bin the direction of j, (b. DI

= (|t3|sin 0)j j = J (both also unit vector) (2)

—>
=NM

Now we look at the cross product of a vector and a unit vector, then we check its magnitude:

Cross product, bXi = ‘QH[ sinf n

scalar
Precaution: The normal vector, n is not j. You will learn the component of bin the direction of j using cross

product after you learn the triple vector product later.

Magnitude,

bxi| = Hp|sin 0‘ (3)
.". Combining Egns. (1) & (3), we get the magnitude |tgxf| = Hp|sin (9‘ = ‘Qj‘
Cross D0~t
As we know the range of angleis0 < 8 < m,sinf >0
We can simplify it into:
lbxi| = |b|sing = b ]

Cross Dot
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It indicates that the length of NM (i.e., the distance from point Nto point M or vice versa) can be found

from:

(i) Dot product (i.e., Qj )

(ii) Cross product (i.e., ij

)

This is very useful in the geometry application especially to find the shortest distance between point, line,

or plane.

Projection of vector — Area of Parallelogram

The projection of vector is useful in finding the area of parallelogram as shown in figure below:

Vector g and b are represented by two sides of a parallelogram

Area of parallelogram "Z\\ 0 '

= Height of parallelogram x Length
= (|blsin6) x (Ial)
= |al|b| sin 6 (1)

' Q

Relationship — Area of Parallelogram & Cross Product

From cross product of vector g and b, we have
axb

axb = |a||b|sin6 n

scalar

The magnitude of the cross product is b 0 | axb I

laxb| = |allb| sin 6 (2)

a

Note: Egn. (1) = Egn. (2) denotes that the magnitude of cross product is equal to the area of its area of
parallelogram.

Area of parallelogram = Height of parallelogram x Length = |a||b| sin 6 = |gxb|----------------- (3)
Area of triangle = %x Height of parallelogram x Length = %nglgl (4)
Exercise:

(i) LetP(1,—1,0),Q(2,1,—1),and R(—1,1,2) be three points.
Find (a) a vector normal the plane containing P, Qand R

(b) the area of the triangle P, Qand R.
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4.1.5 Application of Cross Product in Geometry (given Parallel Vector)

Previous dot product applications are used mainly when the normal vector is given. When the parallel vector

is given, we can use the cross product to find the 3D-line equation between intersecting planes, distance

between point-to-3D-line, distance between two 3D-parallel-lines, and distance between two 3D-skew-lines.

(i) Previous Problems of 2D line in general
Cartesian form

(ii) Current Problems of 3D line in
Parametric form

1. Find the general Cartesian eguation of a

line passing through a given point and
normal to a given vector _ ;.
KowFait

« narmal vectar

1. Find the parametric egquation of a 3D line
form by two intersecting planes.

i
‘HUI'HII’H’ Vector -l’.l.f‘ 'ql
| ?

normal rc’frm{'.fﬂ" "/-‘\ Plare 5
A | ™
AN
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2. Find the distance from a point to a line
L

_I_'Eﬂ \ shortest distance

:I. normal vector
Enown Point

2. Find the distance from a point to 3D line

v

,

_ \ shortest distance

.-_l-c

* Known Point

3. Find the distance between two parallel

lines ¥
Line [ s

—— \ shortest dista
\ ¥

3. Find the distance between two 3D
parallel lines

v lmel =avm
N Shertest distance
‘ —<7 LieL, =b-a

>

4. Find constant distance between two
skew lines — NOT EXIST!

Line L
! b

4. Find the distance between two 3D skew
lines

shortest distance-—fi— -

P’hﬂnSl P’laneS:

Recall & Motivation: Previously we learned to define a line of equation of a 2D line using general Cartesian

Egn (involve dot product). Now, we have learned the cross product operation, and this enable you to define

a line of equation of a 3D line using Parametric Eqn.

Idea: 3D line if formed where two planes intersect.

(a) Parametric equation of 3D line

Let S; and S, be two planes with normal vectors n; and n, respectively. If S; and S, intersect, then the

intersection is a line L. Since L is in both §; and S,, L is normal to both §; and S,, L is normal both 1, and

na.

Therefore, L|| <n1 x nz)

Let P be a pointon aline L (i.e. P is in both §; and S,)
Then the vector equation of L is given by

L:r=0P+t(n1xn2)

v ;J;*'\\ .‘m)rma/ vector of S|
/ N

L \6
normal vector| of S, PaesS
N
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Exercise:

(i) Find the parametric equations of the intersecting line L of the planes

S1:3x —6y—2z=15 (a)

Spi2x+y—2z=5 (b)

(ii) Describe the procedure to plot the 3D line L by using the parametric equations obtained in Ans (i) . Can

we know the direction of the line L from the plotting by using the parametric equation?

(iii) Generated the general Cartesian eqn. from the Parametric eqn. of 3D line L . What are the major

advantage of having general Cartesian line eqn. Can we know the direction of the line L from the plotting

by using the general Cartesian equation?
(b) Distance of point-to-3D-line

Let L be a line in a space passing through the point P with the vector equationr =p +tv,t € R

By using projection method and cross method as shown in Section 4.1.4 (f), we know the distance from the

point Q to the line L - 0

= ||P_Q)|| sinf where 8 is angle between |Wj| andyv. //. };Q sin @

= [Pax 2| + |PG xv| = [PQ|lylsin6 = [PG|sin6 o,
4 D N v

Exercise ! ' )

Find the distance from the point Q (1,1,5) to the line L with the parametric equationsx =1+4+¢t, y =3 — ¢,

z = 2t.

(c) Distance of two-parallel-3D-lines

The above method is also used to find the distance between two parallel lines L; and L, in space (They have

the same direction vector v = y). In this case, we choose one point P from L; and another point Q from L..
P LineL; =a+t

2] shortest distance
Line L, =b+sy

By using projection method and cross method as shown in Section 4.1.4(f), we know the distance from the
point Q to the line L.

||Td|sin9| = |ﬁx%| or |ﬁj><l

[ul
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Exercise

Find the distance from the two line L; with the parametric equations: x =1+¢t, y=3—t, z = 2t; and

with the vector equation r = (5,2, —1) + t(1,—1,2)

(d) Distance between two 3D skew lines

Let L1 and L, be two skew lines in a 3D space with the vector equations Ly:g@ +tyand L,:b + sy, s,t € R,
respectively.

Let P and Q be the points on L; and L,, respectively, such that the length of PQ is the shortest distance
between the two lines.

From the vector equations, we know that L ||y

and L, ||v. Then, n = « X v is normal to both Ly

and L.. Hence, P—Q)”ll =y X

Let S; and S; be the planes that containing Ly and L, respectively, such that P—Q) is normal to both planes. Then
S: and S; are parallel planes. Hence the distance between P and Q is the distance between the two parallel

planes S; and S.

Therefore, the shortest distance between L; and L,

= |E . %| where A and B are the points on L; and L,, respectively, and, n = u X v is a vector normal to L;

and L..

Exercise

Find the shortest distance between the two lines.

Ll: 7:1 =a + ty = <0l9l2) + (3' _151>t (a)
Lyiry, = b+ tv = (—6,—5,10) + (—3,2,4)t (b)
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4.1.6 Uses of Scalar Triple Products

(a)Parallelepiped
k c __,..--""""-'—?
o
A
|AxBeC| = Volume of the parralelpipped

Area of Base Parrakengram = |AxB]|

AxB+C= |AxE|| C | cos &= BaseArga+ hetght = Volurne

& @ &
You can show that AxBsC=BxCsA=CxA+B=A+B=C=|by 5, &
£ € O3

(b)Projecting area
|AxBen|=Orthogonal projection of parallelogram with sides
A and B onto a plane with unit nonmal n.

£

E(0,1.1)

A

A(0,1,0)

. / P(1,0,0)

Find the Area of the projection of triangle PAB onto the yz plane. To do this we use the formula for the area

of a projected parallelogram and half the answer to get triangular area instead.

PAXPB =i+
Answer=53%i(dot) (i+j)=.5
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